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Abstract. We construct universal extension operators for differential forms on bounded Lipschitz
domains. These are continuous between Sobolev–Slobodeckij spaces, Besov–Triebel–Lizorkin spaces, and
tempered distribution spaces of differential forms. The extension operators preserve the regularity class
of the coefficients and the regularity class of any weak exterior derivative. Regularized Poincaré operators
play a key role in the construction. The first class of operators extends the differential form onto the
entire ambient Euclidean space. The second class of operators extends to a collar neighborhood of the
domain and commutes with the exterior derivative. We apply these results to construct commuting
smoothing operators for differential forms in numerous graph norms. An exposition of the main results
in the language of vector calculus is included.
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1. Introduction

Vector and tensor fields involve phenomena that are not present in the study of scalar fields. The
de Rham complex of differential forms is the most important example: the exterior derivative gives rise
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to a natural regularity theory of differential forms that is not fully captured by the regularity theory of
scalar fields. In light of that, generalizing mathematical concepts for scalar fields to the de Rham complex
requires particular attention to remain compatible with the exterior derivative.

We address extension operators for Sobolev de Rham complexes. The question of how to extend scalar
fields on domains onto the enclosing space has been addressed for a broad range of domains and function
spaces. But an extension operator for differential forms that is compatible with the exterior derivative is
not a straightforward application of the scalar-valued result, in particular if the extension operator must
commute with the exterior derivative. The present manuscript provides such an extension on bounded
Lipschitz domains.

First, we develop extension operators for differential forms on bounded Lipschitz domains onto the
entire ambient Euclidean space. The extensions are universal in the sense that the same operator is
continuous on multiple regularity scales of harmonic analysis: the tempered distributional differential
forms, the scales of Besov and Triebel–Lizorkin spaces, and in particular the Bessel potential spaces and
the Sobolev–Slobodeckij spaces. Importantly, the extensions are compatible with the exterior derivative
in the sense that they preserve the regularity classes not only of the differential forms but also of their
exterior derivatives.

Second, we contribute commuting extension operators. These satisfy the same continuity properties as
the universal extension operators, but they extend onto a collar neighborhood of the Lipschitz domain
instead of the whole space. The operators in this second class of extensions commute with the exterior
derivative and induce isomorphisms on cohomology. In particular, they are morphisms between Banach
complexes of Sobolev–Slobodeckij spaces of differential forms. Their properties are summarized in the
following main result.

Theorem 1.1. Let Ω ⊆ Rn be a bounded Lipschitz domain. Then there exists a bounded Lipschitz domain
EΩ with Ω ⋐ EΩ and the following properties. We have continuous linear operators

Ak
d : S ′(Ω,Λk) → S ′(EΩ,Λk), k ∈ Z,(1.1)

such that for all u ∈ S ′(Ω,Λk) we have

(Ak
du)|Ω = u, Ak+1

d dku = dkAk
du.

Moreover, we have continuous operators

Ak
d : C∞(Ω,Λk) → C∞(EΩ,Λk),(1.2)

Ak
d : W s,p(Ω,Λk) → W s,p(EΩ,Λk), s ≥ 0, 1 < p < ∞,(1.3)

Ak
d : Bs

p,q(Ω,Λ
k) → Bs

p,q(EΩ,Λ
k), s ∈ R, 1 < p < ∞, 1 < q < ∞,(1.4)

Ak
d : F s

p,q(Ω,Λ
k) → F s

p,q(EΩ,Λ
k), s ∈ R, 1 < p < ∞, 1 < q < ∞.(1.5)

The distinguishing functionality is that closed differential forms that are smooth up to the boundary
admit smooth closed extensions within the collar neighborhood. As an auxiliary result that may be of
independent interest, we develop the cohomology theory of smooth differential forms on Lipschitz domains
with a partial flatness condition.

Our extension operators combine two distinct components. On the one hand, we use classical universal
extension operators for scalar fields, applied componentwise to differential forms. On the other hand,
regular decompositions of differential forms via universal potential operators play a central role. We
review the general background on these concepts.

1.1. Universal extensions. It is a classical topic of analysis how functions initially defined on a domain
can be continued to the whole ambient space. The continuation of scalar fields has received the bulk of
attention. Whitney [67] discussed the continuation of Cm functions on closed subsets of Rn. Seeley [61],
generalizing earlier work by Lichtenstein [46], developed a continuous linear extension operator for
functions defined on the half-space that preserves smoothness of every order simultaneously. Important
work on the extension of Sobolev spaces on Lipschitz domains up to a fixed order of smoothness is due
to Calderón [12]. Universal extension operators were developed over the following years, on Lipschitz
domains or more general domain classes, and for different notions of function smoothness; the term
universal extension operator seems to have been popularized in harmonic analysis. For example, we
mention work by Stein [63], Jones [35], Christ [16], Rychkov [58], Rogers [56], and by Shi and Yao [62].
We focus on Rychkov’s main result: his extension is defined on tempered distributions and is continuous
on the Besov and Triebel–Lizorkin classes of functions.
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De Rham complexes composed of rough spaces of functions, beyond the smooth spaces of classical
analysis and differential geometry, have been researched extensively [22, 18, 24, 60, 34, 50, 23]. Extension
operators for Sobolev de Rham complexes on Lipschitz domains must be compatible with the exterior
derivative. Reflection-based extensions onto tubular neighborhoods of Lipschitz domains commute with
the exterior derivative and preserve Lebesgue spaces of differential forms [59, 5, 44, 43, 31], but they
generally do not preserve any smoothness, classical or otherwise, of higher order.

The main reference for a universal extension on differential forms is due to Hiptmair, Li, and Zou [29].
As a direct generalization of Stein’s construction from scalar fields to differential forms, their operator
preserves the regularity of the differential forms and their exterior derivatives. However, this universal
extension operator does not commute with the exterior derivative. We also point out that their exposition
focuses on Hilbert spaces for reasons of brevity, and only integer-order smoothness indices are covered.
These are widely used throughout the analysis of linear partial differential equations; our goal is to cover
a wide range of function spaces, including Banach spaces of differential forms, which is pertinent to
the analysis of nonlinear partial differential equations. Their work already points out the connection of
extension operators and regular decompositions.

1.2. Regular decompositions. Regular decompositions are a feature of the de Rham complex that
does not have an analogue in the scalar theory. Regular decompositions are closely related to regularizing
potential operators. An illustrative classical result is the following decomposition into regular fields on
any convex bounded Lipschitz domain Ω ⊆ R3: if F ∈ L2(Ω) is a square-integrable vector field such
that curlF ∈ L2(Ω) is square-integrable, then there exist a scalar field ϕ ∈ H1(Ω) and a vector field
Ψ ∈ H1(Ω), each with first-order Sobolev regularity, such that

F = gradϕ+Ψ, curlF = curlΨ.

There exist regularizing potential operators

Pgrad : L2(Ω) → H1(Ω), Pcurl : L
2(Ω) → H1(Ω)

such that

ϕ = Pgrad(F), Ψ = Pcurl(curlF).

On general bounded Lipschitz domains, not necessarily convex, such a decomposition still holds with a
three-term sum instead of a two-term sum: one must complement gradϕ and Pcurl(curlF) by a third
summand that accounts for the cohomology of the domain. These cohomology fields are not gradients
and have vanishing curl, but they are smooth up to the boundary of the domain. This decomposes the
field into the gradient of a more regular function, a more regular cohomology vector field, and a more
regular vector field that is reconstructed as a potential of the curl of the original field. We find regular
decompositions in numerous forms throughout the literature [4, 3, 32, 8, 25, 30, 9, 53, 54].

A significant milestone is the theory of averaged Poincaré and Bogovskii operators on bounded Lipschitz
domains, developed by Costabel and McIntosh [17] and by Mitrea, Mitrea, and Monniaux [49]. These
potential operators are pseudodifferential operators of order −1 with symbols in the local Hörmander
class S−1

1,0(Rn). This fact already warrants a gain of smoothness and continuity across a scale of locally
convex function spaces simultaneously. In particular, this enables regular decompositions for a large class
of de Rham complexes.

The averaged Poincaré operators can be interpreted as generalized inverses. In the case of Hilbert
complexes, we distinguish them from the operator pseudoinverses of the exterior derivative between
Hilbert spaces of differential forms, which on exact forms always provide the preimage with minimum
norm. The averaged Poincaré operators, by contrast, have no such norm-minimizing property. More
generally, the averaged Poincaré operators are generalized inverses for Banach complexes when general
Sobolev–Slobodeckij spaces are considered.

In analogy with the universal extension operators, Costabel and McIntosh’s potential operators are
henceforth referred to as universal potential operators. They define a universal regularized decomposition,
a generalized Hodge decomposition of differential forms that is continuous simultaneously for different
function spaces. This decomposition holds not only for Hilbert complexes of differential forms, but also
for Banach complexes and most generally for certain distributional de Rham complexes of locally convex
spaces.
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1.3. Construction and application. We now point out a few features of our constructions. The first
operator is a comparatively simple combination of the universal regular decomposition and the universal
extension operators. Componentwise application of the universal extension operator then produces the
desired extension of differential forms onto the ambient space. This operation is compatible with the
exterior derivative: the extension onto the enclosing space inherits the regularity of the original differential
form, and likewise its exterior derivative inherits the regularity of the original exterior derivative.

We need to appreciate the cohomology of the de Rham complex to develop our commuting extension
operator. In a differential complex, the range of one differential operator is included in the kernel of the
next differential operator. For example, this structure is present in the three-dimensional L2 de Rham
complex

0 → H1(Ω)
grad−−−−→ H(curl,Ω)

curl−−−−→ H(div,Ω)
div−−−−→ L2(Ω) → 0

on a bounded Lipschitz domain Ω. Generally, the range is a proper subspace of the kernel. The questions
arise whether we can identify the dimension of the quotient space and whether the range is topologically
complemented in the kernel.

The quotient spaces are known as the cohomology spaces of the de Rham complex. We show that they
are finite-dimensional and that their dimensions are the Betti numbers of the domain. In fact, more is
true: the ranges have a finite-dimensional complement spanned by a basis of smooth differential forms.
In particular, the closed differential forms allow a decomposition into an exact differential form and this
finite-dimensional complement. This holds for the common Hilbert complexes of differential forms, and
more generally for the Banach complexes and Frechét complexes.

The universal regular decomposition involves a universal harmonic complement, which is a finite-
dimensional topological complement to the ranges of the differential operators inside the kernel of the
next differential, simultaneously for all regularity classes of the source. If we pick an arbitrary smooth
extension for each of these finite-dimensional harmonic complements, then this leads to an extension
operator on the full space. However, the resulting extension operators may not preserve the cocycle
property of these harmonic forms, which obstructs the commutativity with the exterior derivative. For
example, the non-zero constant functions span the kernel of the gradient operator but admit no extension
onto Rn that is both gradient-free (i.e., constant) and square-integrable. Another example is that the
extension of harmonic complements in H(curl,Ω) may not be globally curl-free.

This is resolved by our second class of extension operators, which modifies the machinery previously
described. If we consider universal extensions onto a small collar neighborhood EΩ of the bounded
Lipschitz domain Ω, but not onto the whole ambient space, then a prudent choice of the extension of
harmonic forms ensures that the extension operators commute with the exterior derivative. This gives
commuting diagrams such as

Hs(Ω)
grad−−−−→ Hs(curl,Ω)

curl−−−−→ Hs(div,Ω)
div−−−−→ Hs(Ω)

A0
d

y A1
d

y A2
d

y A3
d

y
Hs(EΩ)

grad−−−−→ Hs(curl,EΩ)
curl−−−−→ Hs(div,EΩ)

div−−−−→ Hs(EΩ).

Here, we enlarge the original domain by a small neighborhood such that the topology remains the same
and the Betti numbers are preserved. This observation motivates the search for a commuting extension
operator from the bounded Lipschitz domain onto the enlarged domain that is then an isomorphism on
cohomology.

The decisive insight is that smooth closed forms, such as in the universal harmonic complement, admit
a smooth closed extension onto the collar neighborhood. This follows from the exactness of the smooth
de Rham complex of the outer collar neighborhood EΩ \Ω when imposing flat boundary conditions along
the interior Lipschitz interface ∂Ω. We develop the following auxiliary result through the apparatus of
sheaf theory [13, 10, 49, 23, 19].

Lemma 1.2. Let Ω ⊆ Rn be a bounded Lipschitz domain. Then there exists a bounded Lipschitz domain
EΩ with Ω ⋐ EΩ such that for any u ∈ C∞(Ω,Λk) with dku = 0 there exists v ∈ C∞(EΩ,Λk) with
dkv = 0 and v|Ω = u.

De Rham complexes on the L2 scale have received the largest share of attention; Costabel and McIntosh
focus on these operators for simplicity of exposition. As we leverage pseudodifferential calculus, we cover
a much wider class of function spaces: for the range of Lebesgue exponents 1 < p < ∞, we recover
the full Sobolev–Slobodeckij regularity scale on Lipschitz domains, including spaces with fractional
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smoothness and the negative-order spaces. In fact, we utilize de Rham complexes of locally convex
function spaces, such as tempered distributions or bounded smooth forms. This allows us to separate
the algebraic properties of the operators, such as homotopy formulas, from their continuity in particular
function spaces. Within the pseudodifferential calculus, we can extend the discussion to the Besov and
Triebel–Lizorkin classes with little additional overhead. To accommodate a variety of different readers,
our presentation is modular: continuity statements are given for the common Sobolev–Slobodeckij spaces
and the Besov–Triebel–Lizorkin spaces separately.

Extension operators are convenient because they make techniques for spaces on Euclidean space
available to function spaces on domains. For example, a direct application of these results is a commuting
smooth approximation operator on Sobolev de Rham complexes: a bounded family of smoothing operators
from a Sobolev–Slobodeckij de Rham complex with additional smoothness assumptions into the smooth
de Rham complex on a bounded Lipschitz domain that converges pointwise to the identity. These give
commuting diagrams such as

W s,p(Ω)
grad−−−−→ Ws,p(curl,Ω)

curl−−−−→ Ws,p(div,Ω)
div−−−−→ W s,p(Ω)

M0
ϵ,grad

y M1
ϵ,curl

y M2
ϵ,div

y M3
ϵ

y
C∞(Ω)

grad−−−−→ C∞(Ω,R3)
curl−−−−→ C∞(Ω,R3)

div−−−−→ C∞(Ω)

Here, we are concerned with non-standard smoothness spaces such as

Ws,p(curl,Ω) := {u ∈ Ws,p(Ω) | curlu ∈ Ws,p(Ω)},(1.6)

where the curl of a vector field provides additional smoothness. While the mollification of a componentwise
extension of these vector fields is a standard smoothing argument, this does not warrant convergence
in (1.6) because the componentwise extension generally does not have a curl with the improved smoothness
required by Ws,p(curl,Ω). But if we use the compatible extension operator, then smoothing produces an
approximation in the correct norm. In particular,

C∞(Ω,R3) ⊆ Ws,p(curl,Ω)(1.7)

is a dense subspace.
Universal extension operators for de Rham complexes allow us to define operations on bounded Lipschitz

domains in terms of operations on the ambient space. Even though we use universal scalar extension and
universal potential operators, the construction principle can be implemented with different scalar extension
operators as a foundation. Our methodology can be instantiated with any scalar extension operator
and regular decomposition under the condition that the regularity parameters interact accordingly for
the parameter regime of interest. The class of Lipschitz domains is very general while still ensuring
convenient mathematical structure. However, this class of domains is by no means the only class relevant
for mathematical modeling.

1.4. Context. The work in the present manuscript was undertaken to generalize an approximation result
that has been used in the context of finite element quasi-interpolation operators [45].

The connection between extension operators and regular decompositions has been recognized for some
time. Indeed, Hiptmair, Li, and Zou [29] use the generalized Stein extension operators to construct regular
decompositions (and Poincaré inequalities) from the regular decompositions on the ambient space. The
possibility of using regular decompositions in the construction of extension operators seems to have been
anticipated in their work [29, Remark 3.2]. The present manuscript seems to be the first to elaborate on
that idea. We also point out recent work by Nilsson and Pitassi [51] that has addressed the extension
problem for L2 de Rham complexes to obtain uniform Poincaré inequalities relevant for unfitted finite
element methods. Their extension operator is defined on the orthogonal complement of the harmonic
forms. By contrast, our construction intrinsically relies on Poincaré inequalities because it starts from
universal regular decompositions, and the harmonic forms are extended to smooth closed forms. We
therefore draw the overall picture that extension operators and regular decompositions for de Rham
complexes on bounded Lipschitz domains are conceptually equivalent.

Sobolev–Slobodeckij spaces are of concrete interest in the numerical analysis of partial differential
equations, where smoothness, even if only partial, is reflected in the provable convergence rates of finite
element methods. This especially pertains to numerical methods in vector calculus on domains, where
solutions to partial differential equations feature non-integer smoothness that is typically rougher than
the smoothness of scalar partial differential equations. While Sobolev–Slobodeckij de Rham complexes
are fundamental for partial differential equations, discrete de Rham complexes now play a central role in
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numerical analysis. Alain Bossavit [11, 55] identified Hassler Whitney’s eponymous forms as finite element
differential forms, and pioneering contributions by Ralf Hiptmair [28] and Douglas Arnold, Richard Falk,
and Ragnar Winther [5] have established finite element de Rham complexes as paradigmatic in mixed
finite element methods.

While Hilbert complexes have been subject to increased research in recent years, there is a long
tradition of the study of Banach complexes and of distributional de Rham complexes are instances of
locally convex spaces that form a differential complexes [52, 37, 39, 40]. Even though these are generally
not situated in the theory of abelian categories, the cohomology theory of these differential complexes is
well understood.

1.5. Organization of the manuscript. The manuscript is organized as follows. Section 2 reviews the
function spaces under consideration. Section 3 reviews the first main component of our proof, namely
universal extension operators. Section 4 reviews notions of exterior calculus and spaces of differential
forms. Section 5 reviews the second main component, namely the universal regular decomposition.
Section 6 first constructs the universal extension operator compatible with the exterior derivative and
then provides the commuting extension operator. Finally, Section 7 presents the main results in the
language of vector calculus and for Sobolev–Slobodeckij spaces.

Notation. For any set X ⊆ Rn, we write 1X : Rn → {0, 1} for the indicator function of X. We use the
notation A(n) := Nn

0 for the set of multi-indices over {1, . . . , n}. For α = (α1, . . . , αn) ∈ A(n), we set

|α| := α1 + · · ·+ αn, ∂α := ∂α1
1 · · · ∂αn

n , xα := xα1
1 · · ·xαn

n .

2. Function spaces on domains

This section introduces the function spaces and the corresponding notation that are used throughout
the remainder of the manuscript. All definitions hold for functions on domains taking values in a
finite-dimensional real inner product space. Of course, the corresponding vector-valued function spaces
can be defined equally as tuples of functions, one for each component, with the respective regularity
classes.

Throughout this section, Ω ⊆ Rn is a domain, i.e., a connected open set.

2.1. Spaces of smooth functions and distributions. We consider spaces of functions taking values
in a finite-dimensional inner product space V with norm | · |. We identify V with its dual space V ∗ via
the inner product.

We write C∞(Ω, V ) for the space of smooth functions on Ω. Furthermore, we write C∞
b (Ω, V ) for the

space of smooth functions on Ω whose derivatives of all orders are bounded, we write C∞(Ω, V ) for the
space of smooth functions on Ω that are restrictions of functions in C∞(Rn, V ), and we write C∞

c (Ω, V )
for the space of smooth functions with compact support in Ω.

While we mostly consider these spaces as vector spaces, they can also be equipped with the structure
of locally convex spaces. The space C∞(Ω, V ) is a locally convex space by the family of seminorms that
induce the topology of uniform convergence of all derivatives on compact sets:

pK,α(u) := max
x∈K

|∂αu(x)|, K ⋐ Ω, α ∈ A(n).

In fact, this topology is generated by a countable family of seminorms: if ∅ = K0 ⊆ K1 ⊆ K2 ⊆ . . . is an
exhaustion of Ω by compact sets, i.e.,⋃

i∈N
Ki = Ω, ∀i ∈ N : Ki−1 ⊂ intKi,

then the corresponding countable family of seminorms induces the topology of C∞(Ω, V ). The space
C∞(Ω, V ) of restrictions of smooth functions

C∞(Ω, V ) := {u|Ω | u ∈ C∞(Rn, V )}

carries a natural quotient topology with a corresponding countable family of seminorms. The space
C∞

b (Ω, V ) is locally convex with the countable family of seminorms that describe the topology of (global)
uniform convergence of all derivatives:

pα(u) := sup
x∈Ω

|∂αu(x)|, α ∈ A(n).
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Finally, the space C∞
c (Ω, V ) carries the usual locally convex topology; we follow the convention of

writing D(Ω, V ) for that locally convex vector space. An explicit family of seminorms is constructed as
follows: if ∅ = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Ω is some compact exhaustion of the domain Ω, then

pm,c(u) := sup
i∈N

sup
x∈Ki\Ki−1

max
α∈A(n)
|α|≤mi

ci|∂αu(x)|, {mi}i∈N, {ci}i∈N ∈ NN

is a family of seminorms that induces the topology of D(Ω, V ). This is the topology of uniform convergence
in all derivatives of sequences of functions supported within a common compact subset.

We review a few spaces of distributions. We let D′(Ω, V ) denote the dual space of D(Ω, V ), known as
the space of distributions on Ω with values in V . We follow the convention that the dual space carries the
topology of uniform convergence on bounded sets. Recall that a subset of a locally convex space is called
bounded if every continuous seminorm has a finite upper bound on that subset. The topology of D′(Ω, V )
is induced by the seminorms

pB(u) := sup
ϕ∈B

|⟨u, ϕ⟩|, B ⊆ D(Ω, V ) bounded.

The following smooth function space and its distributional dual are particularly important in harmonic
analysis. Recall the Schwartz space on Rn, which is the vector space of fast-decaying functions

S(Rn, V ) :=
{
u ∈ C∞

b (Rn, V )
∣∣ ∀α, β ∈ A(n) : xα∂βu ∈ C∞

b (Rn, V )
}

equipped with the locally convex topology generated by the seminorms

∥u∥α,β := sup
x∈Rn

|xα∂βu(x)|, α, β ∈ A(n).

The Schwartz space has a topological dual space S ′(Rn, V ), known as the space of tempered distributions,
which is again a locally convex vector space. The tempered distributions, too, carry the topology of
uniform convergence on bounded sets.

For any domain Ω ⊆ Rn, we define

S ′(Ω, V ) := {u|Ω | u ∈ S ′(Rn, V )} ⊆ D′(Ω, V ).

This is a locally convex vector space equipped with the quotient topology. We will write ⟨u, ϑ⟩ for the
duality pairing of a distribution u ∈ S ′(Ω, V ) and a test function ϑ ∈ D(Ω, V ).

With respect to these topologies, the aforementioned spaces satisfy the continuous inclusions

D(Rn, V ) ⊆ S(Rn, V ) ⊆ C∞(Rn, V ), S ′(Ω, V ) ⊆ D′(Ω, V ),

D(Ω, V ) ⊆ C∞(Ω, V ), C∞(Ω, V ) ⊆ C∞(Ω, V ),

D(Ω, V ) ⊆ C∞
b (Ω, V ), C∞

b (Ω, V ) ⊆ C∞(Ω, V ).

2.2. Lebesgue spaces and Sobolev spaces. For 1 ≤ p < ∞, we write Lp(Ω, V ) for the Banach space
of measurable functions u : Ω → V , up to equality almost everywhere, for which

∥u∥Lp(Ω,V ) :=

(∫
Ω

|u(x)|p dx
)1/p

< ∞.(2.1)

For p = ∞, we write L∞(Ω, V ) for the Banach space of essentially bounded measurable functions, modulo
equivalence almost everywhere, equipped with the norm

∥u∥L∞(Ω,V ) := ess sup
x∈Ω

|u(x)|.(2.2)

We first introduce Sobolev spaces on domains in terms of weak derivatives and review the Sobolev–
Slobodeckij spaces in terms of the Gagliardo–Slobodeckij seminorms. For any m ∈ N0 and 1 ≤ p ≤ ∞,
we define the Sobolev space Wm,p(Ω, V ) by setting

Wm,p(Ω, V ) := {u ∈ Lp(Ω, V ) | ∀α ∈ A(n), |α| ≤ m : ∂αu ∈ Lp(Ω, V )} .

With this choice of notation, W 0,p(Ω, V ) = Lp(Ω, V ).
For 1 ≤ p < ∞, we equip Wm,p(Ω, V ) with the norm

∥u∥Wm,p(Ω,V ) :=
(∑

|α|≤m∥∂αu∥pLp(Ω,V )

)1/p

.

For p = ∞, we use the norm

∥u∥Wm,∞(Ω,V ) :=
∑

|α|≤m

∥∂αu∥L∞(Ω,V ).
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With these norms, the spaces Wm,p(Ω, V ) are Banach spaces.
Let 0 < θ < 1 and 1 ≤ p ≤ ∞. In the case p < ∞, the Slobodeckij seminorm of any u ∈ Lp(Ω, V ) is

defined as

|u|W θ,p(Ω,V ) :=

(∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|n+θp
dxdy

)1/p

.

In the case p = ∞, the Slobodeckij seminorm of any u ∈ L∞(Ω, V ) is defined as

|u|W θ,∞(Ω,V ) := ess sup
x,y∈Ω
x ̸=y

|u(x)− u(y)|
|x− y|θ

.

The fractional Sobolev–Slobodeckij space

W θ,p(Ω, V ) :=
{
u ∈ Lp(Ω, V ) | |u|W θ,p(Ω,V ) < ∞

}
is a Banach space with norm

∥u∥W θ,p(Ω,V ) := ∥u∥Lp(Ω,V ) + |u|W θ,p(Ω,V ).

More generally, for m ∈ N0, 0 < θ < 1, and 1 ≤ p ≤ ∞, the Sobolev–Slobodeckij space of order m+ θ
is defined by

Wm+θ,p(Ω, V ) :=
{
u ∈ Wm,p(Ω, V ) | ∀α ∈ A(n) with |α| = m : ∂αu ∈ W θ,p(Ω, V )

}
.

This is a Banach space with the norm

∥u∥Wm+θ,p(Ω,V ) := ∥u∥Wm,p(Ω,V ) +
∑

α∈A(n)
|α|=m

|∂αu|W θ,p(Ω,V ).

The Sobolev–Slobodeckij spaces on domains W s,p(Ω, V ) as defined above are to be distinguished
from the Sobolev–Slobodeckij spaces on domains defined in terms of restrictions. The restriction-based
definition of Sobolev–Slobodeckij spaces gives us access to the machinery of harmonic analysis and
pseudodifferential calculus, but its equivalence to the intrinsic definition depends on the domain. We
focus on the reflexive spaces.

The Sobolev–Slobodeckij spaces on Rn with negative smoothness are defined as a duality construction.
If s ∈ (0,∞) and 1 < p, q < ∞ with 1

p + 1
q = 1, then we define the dual Banach space

W−s,p(Rn, V ) := W s,q(Rn, V )′.

This Banach space is equipped with the usual operator norm.
For s ∈ R and 1 < p < ∞, the restriction-based Sobolev–Slobodeckij space W s,p

res (Ω, V ) on any open
set Ω is defined as the space of restrictions of distributions in W s,p(Rn, V ) to Ω. The space W s,p

res (Ω, V ) is
equipped with the quotient norm

∥u∥W s,p
res (Ω,V ) := inf

{
∥ũ∥W s,p(Rn,V )

∣∣ ũ ∈ W s,p(Rn, V ), ũ|Ω = u
}
.

It is evident from the construction that

W s,p
res (Rn, V ) = W s,p(Rn, V ).

For non-negative smoothness, an analogous equality of Banach spaces, with equivalent norms, holds on
sufficiently regular domains. We will prove it for bounded Lipschitz domains.

Partial derivatives are defined either in the weak sense or in the sense of duality: if s ∈ R, m ∈ N0,
1 < p < ∞, and α ∈ A(n) with |α| ≤ m, then we have a bounded linear operator

∂α : W s,p
res (Ω, V ) → W s−m,p

res (Ω, V ).

Moreover, we will use

W s,p
res (Ω, V ) ⊆ D′(Ω, V ), s ∈ R, 1 < p < ∞.

Remark 2.1. We have first defined the intrinsic Sobolev–Slobodeckij spaces on domains in terms of weak
derivatives and the Gagliardo–Slobodeckij seminorms. This is the definition most common in the theory
of partial differential equations, which is our main application. The definition in terms of restrictions
of Sobolev–Slobodeckij spaces on Rn is common in harmonic analysis. On general open sets, these two
definitions of Sobolev–Slobodeckij spaces are generally not equivalent, even at positive or integer orders.
However, this dissonance resolves if the domain is a bounded Lipschitz domain: then the definitions agree
for non-negative smoothness parameters. This observation is standard (e.g., [26]) and will be formally
reviewed later in Section 3.
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The situation for the Sobolev–Slobodeckij spaces with negative smoothness parameter is more delicate.
We have defined the spaces with negative smoothness as the restriction (in the sense of distributions) of the
dual spaces. These need not coincide with the duals of the corresponding positive-order restriction spaces,
even on bounded Lipschitz domains. This issue is not as pressing for the purpose of this manuscript,
though, because we use negative-order Sobolev–Slobodeckij spaces only in the sense of restrictions to apply
the methods of harmonic analysis. We point out that, by definition, for any s > 0 and 1 < p, q < ∞ with
1
p + 1

q = 1, the space W−s,p
res (Ω, V ) coincides with the dual space of the closure of C∞

c (Ω, V ) ⊆ C∞
c (Rn, V )

within the Banach space W s,q(Rn, V ).

2.3. Besov and Triebel–Lizorkin spaces. Sobolev–Slobodeckij spaces on Euclidean space and their
restrictions to domains have a natural generalization in terms of Besov and Triebel–Lizorkin spaces. The
Besov and Triebel–Lizorkin spaces on Rn are quasi-Banach spaces that continuously embed into the
space of tempered distributions. We first define them on Rn and then on arbitrary domains in terms of
restriction. The following outline is based on the exposition in [49].

We need the notion of a Littlewood–Paley decomposition of unity, which describes a partition of unity
in the Fourier domain. We begin with a smooth non-negative radially symmetric function ζ0 ∈ C∞

c (Rn,R)
that satisfies

∀ξ ∈ B(0, 1) : ζ0(ξ) = 1, ∀ξ ∈ B(0, 2) : ζ0(ξ) > 0, ∀ξ /∈ B(0, 2) : ζ0(ξ) = 0,

and that we assume to be strictly decreasing in |ξ| on the annulus B(0, 2) \ B(0, 1).
For j ∈ N, we define ζj ∈ C∞

c (Rn,R) through

ζj(ξ) := ζ0(2
−jξ)− ζ0(2

1−jξ).

This entails the support properties

∀ξ ∈ B(0, 2j+1) \ B(0, 2j−1) : ζj(ξ) > 0, ∀ξ /∈ B(0, 2j+1) \ B(0, 2j−1) : ζj(ξ) = 0,

and the derivative bounds

∀α ∈ A(n) : sup
j∈N0

sup
ξ∈Rn

2j|α||∂αζj(ξ)| ≤ (1 + 2|α|) sup
ξ∈Rn

|∂αζ0(ξ)|.

These functions form a smooth partition of unity
∞∑
j=0

ζj(ξ) = 1, ξ ∈ Rn.

We denote the Fourier transform and its inverse by F and F−1, respectively. They act on Schwartz
functions with values in the complexification VC := V ⊗R C as continuous operators:

F : S(Rn, VC) → S(Rn, VC), u 7→
∫
Rn

u(x) e−2πix·ξ dx,

F−1 : S(Rn, VC) → S(Rn, VC), u 7→
∫
Rn

u(x) e2πix·ξ dx.

Duality gives continuous operators F : S ′(Rn, VC) → S ′(Rn, VC) and F−1 : S ′(Rn, VC) → S ′(Rn, VC).
The Littlewood–Paley decomposition of unity is now constituted in terms of Fourier multiplier operators.

For j ∈ N0, we define the continuous linear Fourier multiplier operators

∆j : S ′(Rn, V ) → S ′(Rn, V ), u 7→ F−1 (ζjFu) .

Since the cutoffs ζj are real and even, ∆j preserves real V -valued distributions. These operators satisfy
the decomposition property

u =

∞∑
j=0

∆ju, u ∈ S ′(Rn, V ).

Here, the series converges in the topology of S ′(Rn, V ).
We can now define the Besov spaces. Let s ∈ R, 0 < p ≤ ∞, and 0 < q ≤ ∞. The Besov space

Bs
p,q(Rn, V ) is the quasi-Banach space of tempered distributions u ∈ S ′(Rn, V ) such that

∥u∥Bs
p,q(Rn,V ) :=

∥∥∥(2js∥∆ju∥Lp(Rn,V )

)
j∈N0

∥∥∥
ℓq(N0,R)

< ∞.(2.3)
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The usual modification applies if q = ∞. Here, we use the quasi-norm of the generalized Lebesgue spaces

∥u∥Lp(Rn,V ) :=

(∫
Rn

|u(x)|p dx
)1/p

< ∞,

for any 0 < p < ∞, generalizing the Lp-norm as defined in (2.1) for 1 ≤ p ≤ ∞. Analogously, we define
the quasi-norm of the generalized sequence spaces

∥(aj)j∈N0
∥ℓq(N0,R) :=

 ∞∑
j=0

|aj |q
1/q

< ∞,

for any 0 < q < ∞, which generalizes the usual ℓq-norm for 1 ≤ q ≤ ∞.
The Besov space Bs

p,q(Ω, V ) on any domain is defined as the space of restrictions of tempered
distributions in Bs

p,q(Rn, V ) to the domain Ω. The space Bs
p,q(Ω, V ) is equipped with the quotient

quasi-norm

∥u∥Bs
p,q(Ω,V ) := inf

{
∥ũ∥Bs

p,q(Rn,V )

∣∣∣ ũ ∈ Bs
p,q(Rn, V ), ũ|Ω = u

}
.(2.4)

The Triebel–Lizorkin spaces are defined similarly. Let s ∈ R, 0 < p < ∞, and 0 < q ≤ ∞. The
Triebel–Lizorkin space F s

p,q(Rn, V ) is the quasi-Banach space of tempered distributions u ∈ S ′(Rn, V )
such that

∥u∥F s
p,q(Rn,V ) :=

∥∥∥(2js∆ju
)
j∈N0

∥∥∥
Lp(Rn,ℓq(N0,V ))

< ∞.(2.5)

Again, the usual modification applies if q = ∞.
The Triebel–Lizorkin space F s

p,q(Ω, V ) is defined as the space of restrictions of tempered distributions
in F s

p,q(Rn, V ) to the domain Ω. The space F s
p,q(Ω, V ) is equipped with the quotient quasi-norm

∥u∥F s
p,q(Ω,V ) := inf

{
∥ũ∥F s

p,q(Rn,V )

∣∣∣ ũ ∈ F s
p,q(Rn, V ), ũ|Ω = u

}
.(2.6)

Remark 2.2. The Besov and Triebel–Lizorkin spaces are quasi-Banach spaces. If p, q ≥ 1, then they are
Banach spaces and the quasi-norms (2.3) and (2.5) are norms. However, if p < 1 or q < 1, then the spaces
are quasi-Banach spaces that are not locally convexa, but they continuously embed into the locally convex
space of tempered distributions.

Different choices of the smooth partition of unity (ζj)j∈N0
yield different Littlewood–Paley decomposi-

tions, but the different resulting quasi-norms on the Besov and Triebel–Lizorkin spaces are equivalent,
both on Rn and on domains.

Remark 2.3. We summarize a few identifications of function spaces and refer to the literature [57,
Section 2.1.2] for further details. The Besov and Triebel–Lizorkin spaces generalize the Sobolev–Slobodeckij
spaces in the sense that

W s,p
res (Rn, V ) = F s

p,2(Rn, V ), s ∈ Z, 1 < p < ∞,

W s,p
res (Rn, V ) = Bs

p,p(Rn, V ) = F s
p,p(Rn, V ), s ∈ R \ Z, 1 < p < ∞,

with equivalent norms. Moreover, for every s ∈ R,

W s,2(Rn, V ) = Bs
2,2(Rn, V ) = F s

2,2(Rn, V ).

By restriction, the corresponding equivalences hold on every domain with W s,p
res (Ω, V ) in place of

W s,p(Rn, V ).
Write ν(x) :=

√
1 + |x|2. For s ∈ R and 1 < p < ∞, the Bessel potential space is defined by

Hs,p(Rn, V ) :=
{
u ∈ S ′(Rn, V ) | F−1 (νsFu) ∈ Lp(Rn, V )

}
.

Equipped with the Lp-norm of F−1(νsFu), it coincides with F s
p,2(Rn, V ) with equivalent norms. Another

important special case is that Bs
∞,∞(Rn, V ) coincides with the Hölder–Zygmund space Cs(Rn, V ) for

s > 0.

aAny locally convex quasi-Banach space has an equivalent norm that makes it a Banach space.
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3. Universal extension operators on Lipschitz domains

We introduce Lipschitz domains and review another central concept of this manuscript: universal
extension operators on Sobolev spaces on bounded Lipschitz domains.

Any domain Ω ⊆ Rn is called a Lipschitz domain if each x ∈ ∂Ω admits an open neighborhood U ⊆ Rn

of x, numbers r > 0 and h > 0, an isometry

φ : U → (−r, r)n−1 × (−h, h),(3.1)

and a Lipschitz-continuous function γ : [−r, r]n−1 → R such that

φ(x) = 0,(3.2a)

φ (Ω ∩ U) =
{
y = (y′, yn) | y ∈ (−r, r)n−1 × (−h, h), yn < γ(y′)

}
,(3.2b)

φ (∂Ω ∩ U) =
{
y = (y′, yn) | y ∈ (−r, r)n−1 × (−h, h), yn = γ(y′)

}
,(3.2c)

φ
(
Ω

c ∩ U
)
=

{
y = (y′, yn) | y ∈ (−r, r)n−1 × (−h, h), yn > γ(y′)

}
.(3.2d)

We call the mapping φ : U → (−r, r)n−1 × (−h, h) in (3.1) a Lipschitz-graph coordinate chart, and we
call U a Lipschitz-graph chart domain.

Remark 3.1. One can show that each x ∈ ∂Ω admits a Lipschitz-graph chart domain U ⊆ Rn, x ∈ U ,
such that the intersection U ∩ Ω is itself a Lipschitz domain.

The class of bounded Lipschitz domains features the equivalence of different definitions of function
spaces. For example, the intrinsic definition of Sobolev–Slobodeckij spaces on bounded Lipschitz domains,
using weak derivatives and Gagliardo seminorms, is equivalent to the definition of Sobolev–Slobodeckij
spaces in terms of restrictions from Rn. This result is standard, being an easy consequence of the following
extension theorem, and we briefly review it for completeness.

Proposition 3.2. Let Ω ⊆ Rn be a bounded Lipschitz domain. Let s ≥ 0 and 1 < p < ∞. Then there
exists a bounded linear operator

EΩ,s,p : W s,p(Ω, V ) → W s,p(Rn, V )

such that EΩ,s,pu|Ω = u for all u ∈ W s,p(Ω, V ).
In particular, the Banach spaces W s,p(Ω, V ) and W s,p

res (Ω, V ) coincide, with equivalent norms.

Proof. For s = 0, extension by zero has the required properties. For s > 0, we refer to the literature;
see [26, Theorem 1.4.3.1], [21]. The equivalence of the intrinsic and restriction-based definitions of
Sobolev–Slobodeckij spaces on bounded Lipschitz domains is now evident. □

A universal extension operator for Sobolev spaces (of integer order) on bounded Lipschitz domains is
due to Rogers [56]. One easily sees that the extension operator is continuous between the corresponding
spaces of smooth functions equipped with their Fréchet topologies.

Proposition 3.3. Let Ω ⊆ Rn be a bounded Lipschitz domain. Then there exists a bounded linear
operator

EΩ,W : Wm,p(Ω, V ) → Wm,p(Rn, V ), m ∈ N0, 1 ≤ p ≤ ∞,(3.3)

such that EΩ,Wu|Ω = u for all u ∈ Wm,p(Ω, V ).
In particular, we have a continuous linear operator

EΩ,W : C∞
b (Ω, V ) → C∞

b (Rn, V ),(3.4)

and the locally convex vector spaces C∞
b (Ω, V ) and C∞(Ω, V ) are isomorphic.

Proof. We refer to the literature for an extension operator that satisfies (3.3) for all m ∈ N0 and
1 ≤ p ≤ ∞; see [56, Theorem 8] if n ≥ 2 and [61] if n = 1. We briefly show that it satisfies the continuity
condition (3.4).

Suppose that u ∈ C∞
b (Ω, V ). Then u ∈ Wm,1(Ω, V ) for all m ∈ N0, with

∥u∥Wm,1(Ω,V ) ≤ C sup
x∈Ω

sup
α∈A(n)
|α|≤m

|∂αu(x)|.

We write ũ := EΩ,Wu and observe that ũ ∈ Wm,1(Rn, V ) for all m ∈ N0, with

∥ũ∥Wm,p(Rn,V ) ≤ C∥u∥Wm,p(Ω,V ).
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By the Sobolev embedding theorem, we have ũ ∈ C∞
b (Rn, V ), i.e., ũ is a smooth function with bounded

derivatives of all orders. We have

sup
x∈Rn

sup
α∈A(n)
|α|≤m

|∂αũ(x)| ≤ C∥ũ∥Wm+n,1(Rn,V ).

This also shows (3.4), which means that the operator EΩ,W : C∞
b (Ω, V ) → C∞

b (Rn, V ) is continuous with
respect to the topology of uniform convergence of all derivatives.

Recall that u ∈ C∞(Ω, V ) implies that there exists ũ ∈ C∞(Rn, V ) with ũ|Ω = u, and thus u ∈
C∞

b (Ω, V ). Hence, there exists a continuous embedding ı : C∞(Ω, V ) → C∞
b (Ω, V ) of locally convex

vector spaces. Applying EΩ,W : C∞
b (Ω, V ) → C∞(Rn, V ) and taking the restriction to Ω gives another

continuous embedding ȷ : C∞
b (Ω, V ) → C∞(Ω, V ) that is inverse to the first one. We conclude C∞

b (Ω, V )

and C∞(Ω, V ) are isomorphic. □

We now reference the universal extension theorem for vector-valued distributions on bounded Lipschitz
domains. This provides an extension operator that is simultaneously continuous across the Besov and
Triebel–Lizorkin scales of function spaces. This includes its continuity across the restriction-based
Sobolev–Slobodeckij scale.

Theorem 3.4. Let Ω ⊆ Rn be a bounded Lipschitz domain and let V be a finite-dimensional normed
space. There exists a linear map

EΩ : S ′(Ω, V ) → S ′(Rn, V ),

such that for every u ∈ S ′(Ω, V ) we have

EΩu|Ω = u,(3.5)

and the following operators are continuous:

EΩ : C∞
b (Ω, V ) → C∞

b (Rn, V ),(3.6a)
EΩ : W s,p

res (Ω, V ) → W s,p
res (Rn, V ), s ∈ R, p ∈ (1,∞),(3.6b)

EΩ : Bs
p,q(Ω, V ) → Bs

p,q(Rn, V ), s ∈ R, p, q ∈ (0,∞],(3.6c)
EΩ : F s

p,q(Ω, V ) → F s
p,q(Rn, V ), s ∈ R, p ∈ (0,∞), q ∈ (0,∞].(3.6d)

Proof. Rychkov’s extension operator [58] is applied componentwise. This yields a continuous opera-
tor EΩ : S ′(Ω, V ) → S ′(Rn, V ) that satisfies the extension property (3.5) and the continuity condi-
tions (3.6b), (3.6c), and (3.6d). Since (3.6a) is not explicitly stated in [58], we describe a short proof.
Combining (3.6b) with Proposition 3.2, we obtain bounded operators

EΩ : W s,p(Ω, V ) → W s,p(Rn, V )

for all s ≥ 0 and p ∈ (1,∞). Adapting the argument in the proof of Proposition 3.3, using p = 2, now
yields the continuity condition (3.6a). □

Remark 3.5. Rychkov’s universal extension operator [58] covers Besov spaces and Triebel–Lizorkin spaces.
Up to endpoints of the integrability exponents, this includes Sobolev–Slobodeckij spaces. If one is only
interested in Sobolev spaces (with non-negative integer smoothness indices), then the extension operator
by Rogers is one of many alternatives [56].

4. Differential forms

Exterior calculus reformulates the familiar three-dimensional vector calculus and generalizes it to
arbitrary spatial dimension. The differential operators of vector calculus, which are the gradient, the curl,
and the divergence, can be conceived as special instances of the exterior derivative. Exterior calculus
is a subset of tensor calculus, and its objects are particular classes of tensor fields, namely alternating
(skew-symmetric) tensor fields. These are fields over a domain that take values in skew-symmetric
multilinear forms. Such fields are better known as differential forms, and exterior calculus also comes
under the name of calculus of differential forms.

We refer to the standard literature [14, 2, 1, 41, 20] for the necessary background on multilinear algebra
and tensor fields.
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4.1. Exterior algebra. Let Λk(Rn) be the vector space of alternating k-linear forms on Rn. For example,
Λ1(Rn) is the dual space of Rn, and Λ0(Rn) = R. We follow the common convention to define Λk(Rn) := 0
unless 0 ≤ k ≤ n.

Given two alternating forms u1 ∈ Λk(Rn) and u2 ∈ Λl(Rn), we write u1 ∧ u2 ∈ Λk+l(Rn) for their
exterior product. The exterior product is bilinear, and it is graded-commutative and associative:

u1 ∧ u2 = (−1)klu2 ∧ u1, u1 ∈ Λk(Rn), u2 ∈ Λl(Rn),

(u1 ∧ u2) ∧ u3 = u1 ∧ (u2 ∧ u3), u1 ∈ Λk(Rn), u2 ∈ Λl(Rn), u3 ∈ Λm(Rn).

Given a vector a ∈ Rn and an alternating k-linear form u ∈ Λk(Rn) with k > 0, we write a ⌟ u for their
interior product, also known as contraction, which is defined by

(a ⌟ u)(v1, . . . , vk−1) := u(a, v1, . . . , vk−1), v1, . . . , vk−1 ∈ Rn.

We define the interior product as zero if k ≤ 0. The interior product is anti-commutative:

a1 ⌟ (a2 ⌟ u) = −a2 ⌟ (a1 ⌟ u), a1, a2 ∈ Rn, u ∈ Λk(Rn).

Recall that the standard basis of Rn gives rise to a basis of the dual space Λ1(Rn). That basis is written
dx1, . . . ,dxn ∈ Λ1(Rn). We have a corresponding basis of Λk(Rn) given by{

dxi1 ∧ dxi2 ∧ · · · ∧ dxik | 1 ≤ i1 < i2 < · · · < ik ≤ n
}
.

By definition, this set is empty unless 0 ≤ k ≤ n. Also, in the case k = 0, we have Λ0(Rn) = R and the
basis consists only of the constant function 1. In particular, any u ∈ Λk(Rn) has the form

u =
∑

1≤i1<···<ik≤n

ui1,...,ikdx
i1 ∧ dxi2 ∧ · · · ∧ dxik , ui1,...,ik ∈ R.(4.1)

Here, the coefficients satisfy

ui1,...,ik = u(ei1 , . . . , eik).

This definition includes dx∅ := 1 and u∅ := u. We define the Euclidean inner product on Λk(Rn) as

⟨u, v⟩ :=
∑

1≤i1<···<ik≤n

ui1,...,ikvi1,...,ik .

The corresponding Euclidean norm | · | is characterized by

|u|2 :=
∑

1≤i1<···<ik≤n

u2
i1,...,ik

.

In what follows, we may use the musical isomorphisms, which are the mutually inverse isometries

♯ : Λ1(Rn) → Rn,
∑n

i=1vidx
i 7→

∑n
i=1viei,

♭ : Rn → Λ1(Rn),
∑n

i=1aiei 7→
∑n

i=1aidx
i.

The exterior product and the interior product satisfy a duality relationship with respect to the Euclidean
inner product

⟨a ⌟ u1, u2⟩ = ⟨u1, a
♭ ∧ u2⟩, a ∈ Rn, u1 ∈ Λk+1(Rn), u2 ∈ Λk(Rn).

Furthermore, the following inequalities are known:

|a ⌟ u| ≤ |a| · |u|, a ∈ Rn, u ∈ Λk(Rn),

|u1 ∧ u2| ≤ Ck,l|u1| · |u2|, u1 ∈ Λk(Rn), u2 ∈ Λl(Rn),

where Ck,l > 0 is a numerical constant [22, Section 1.7.5], which is known to satisfy

Ck,l ≤
√(

k+l
k

)
, Ck,n−k = 1, Ck,0 = 1.
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4.2. Smooth differential forms. A differential k-form on an n-dimensional open set is a function with
values in the space of alternating k-linear forms Λk = Λk(Rn). The spaces of smooth differential forms

C∞(Ω,Λk), C∞
b (Ω,Λk), C∞(Ω,Λk), C∞

c (Ω,Λk)

are of particular interest. The exterior derivative

dk : C∞(Ω,Λk) → C∞(Ω,Λk+1)(4.2)

is defined as usual. In explicit form, the exterior derivative of any u ∈ C∞(Ω,Λk) reads

(4.3) dku :=
∑

1≤j≤n

dxj ∧ ∂ju =
∑

1≤j≤n
1≤i1<···<ik≤n

∂jui1,...,ikdx
j ∧ dxi1 ∧ · · · ∧ dxik .

It satisfies

dk+1dku = 0, u ∈ C∞(Ω,Λk),

dk+l(u ∧ v) = dku ∧ v + (−1)ku ∧ dlv, u ∈ C∞(Ω,Λk), v ∈ C∞(Ω,Λl).

4.3. Rough differential forms. We define spaces of differential forms whose coefficients are in spaces
of distributions and in non-smooth function spaces. The spaces D′(Ω,Λk) and S ′(Ω,Λk) are preserved by
the exterior derivative:

dk : D′(Ω,Λk) → D′(Ω,Λk+1), dk : S ′(Ω,Λk) → S ′(Ω,Λk+1).

For any s ∈ R and p ∈ (1,∞), we consider the spaces Lp(Ω,Λk) and W s,p
res (Ω,Λ

k). These are Banach
spaces. They can be characterized equivalently as those differential k-forms whose coefficients show the
respective regularity properties. On the Sobolev scale, the exterior derivative lowers smoothness by one:

dk : W s,p
res (Ω,Λ

k) → W s−1,p
res (Ω,Λk+1), s ∈ R, p ∈ (1,∞).

In addition to the Sobolev spaces, we also consider the Besov spaces Bs
p,q(Ω,Λ

k) and the Triebel–Lizorkin
spaces F s

p,q(Ω,Λ
k). The exterior derivative also lowers smoothness by one on these scales:

dk : Bs
p,q(Ω,Λ

k) → Bs−1
p,q (Ω,Λk+1), s ∈ R, p, q ∈ (0,∞],

dk : F s
p,q(Ω,Λ

k) → F s−1
p,q (Ω,Λk+1), s ∈ R, p ∈ (0,∞), q ∈ (0,∞].

5. Universal regular decomposition

The Poincaré homotopy operator is instrumental in proving the exactness in positive degrees of the
smooth de Rham complex on contractible domains. This homotopy operator defines a differential form
via a line integral starting from a fixed pivot point and therefore assumes strong regularity. If we take
a smooth average over the pivot point, then the construction also works as a mapping between much
rougher spaces. The averaged homotopy operators are pseudodifferential operators that increase the
smoothness on the scales of Sobolev–Slobodeckij spaces, Besov spaces, and Triebel–Lizorkin spaces. The
homotopy operators are interpreted as potential operators, since they produce a preimage for every exact
form, and the homotopy identities describe regular decompositions.

The classical and averaged homotopy operators (or potential operators) work on domains that are
star-shaped with respect to a point or an open set, respectively. We can construct potential operators
that satisfy a homotopy formula up to a defect, subject to the non-trivial topology of the domain. This
results in a universal potential operator and a universal regularized decomposition.

5.1. Poincaré homotopy operators. The classical Poincaré homotopy operator with pivot point
a ∈ Rn is defined for every k ∈ {1, . . . , n} and any u ∈ C∞(Rn,Λk) by

Pk
au(x) :=

∫ 1

0

tk−1(x− a) ⌟ u (a+ t(x− a)) dt, x ∈ Rn.

We also formally define Pk
a := 0 for any k /∈ {1, . . . , n}.

This operator preserves smooth differential forms and satisfies a homotopy formula.

Theorem 5.1. Let a ∈ Rn. For every k ∈ {1, . . . , n}, we have a linear map

Pk
a : C∞(Rn,Λk) → C∞(Rn,Λk−1).
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For u ∈ C∞(Rn,Λk) with k ∈ Z and x ∈ Rn, we have

u(x) = P1
ad

0u(x) + u(a), k = 0,(5.1a)

u(x) = dk−1Pk
au(x) + Pk+1

a dku(x), 1 ≤ k ≤ n− 1,(5.1b)

u(x) = dn−1Pn
au(x), k = n.(5.1c)

We have the continuity condition

sup
α∈A(n)
|α|≤m

|∂αPk
au(x)| ≤ sup

0≤t≤1
sup

α∈A(n)
|α|≤m

(|x− a|+m) |∂αu(tx+ (1− t)a)|, x ∈ Rn, m ∈ N0.(5.2)

Proof. Suppose that u ∈ C∞(Rn,Λk). Suppose that k ≥ 1 and that there exists a ball B with a, x ∈ B.
Then a short induction proof and the dominated convergence theorem imply that for all sequences of
m > 0 indices i1, . . . , im ∈ {1, . . . , n} we have

∂i1 · · · ∂im
∫ 1

0

tk−1u (a+ t(x− a)) dt =

∫ 1

0

tk−1tm∂i1 · · · ∂imu (a+ t(x− a)) dt.

Contraction of a smooth vector field with a smooth differential form preserves smoothness, and therefore
Pk
au ∈ C∞(Rn,Λk−1). Explicitly,

∂i1 · · · ∂imPk
au(x) = (x− a) ⌟

∫ 1

0

tk−1tm∂i1 · · · ∂imu (a+ t(x− a)) dt

+
∑

1≤j≤m

eij ⌟
∫ 1

0

tk−1tm−1∂i1 · · · ∂ij−1
∂ij+1

· · · ∂imu (a+ t(x− a)) dt.

The inequality (5.2) is an easy consequence.
We prove the homotopy formula. In the special case k = 0, this is the standard equation

P1
ad

0u(x) =

∫ 1

0

∂

∂t
u(a+ t(x− a)) dt = u(x)− u(a).

Suppose now k ≥ 1. On the one hand, the exterior derivative of the homotopy operator equals

dk−1Pk
au(x) = dk−1

(∫ 1

0

tk−1(x− a) ⌟ u (a+ t(x− a)) dt

)
=

∑
1≤j≤n

dxj ∧
∫ 1

0

tk−1ej ⌟ u (a+ t(x− a)) dt+
∑

1≤j≤n

dxj ∧
∫ 1

0

tk(x− a) ⌟
∂u

∂xj
(a+ t(x− a)) dt.

On the other hand, applying the Poincaré potential to the exterior derivative yields

Pk+1
a dku(x) = (x− a) ⌟

∑
1≤j≤n

∫ 1

0

tkdxj ∧ ∂u

∂xj
(a+ t(x− a)) dt

=
∑

1≤j≤n

(x− a)j

∫ 1

0

tk
∂u

∂xj
(a+ t(x− a)) dt−

∑
1≤j≤n

dxj ∧
∫ 1

0

tk (x− a) ⌟
∂u

∂xj
(a+ t(x− a)) dt.

We sum these terms and use cancellation effects:

dk−1Pk
au(x) + Pk+1

a dku(x)

=
∑

1≤j≤n

dxj ∧
∫ 1

0

tk−1ej ⌟ u (a+ t(x− a)) dt+
∑

1≤j≤n

(x− a)j

∫ 1

0

tk
∂u

∂xj
(a+ t(x− a)) dt

=

∫ 1

0

k tk−1u (a+ t(x− a)) dt+
∑

1≤j≤n

(x− a)j

∫ 1

0

tk
∂u

∂xj
(a+ t(x− a)) dt

=

∫ 1

0

∂

∂t

(
tku (a+ t(x− a))

)
dt.

Here, we have used
∑

jdx
j ∧ (ej ⌟u) = k ·u for k-forms. The fundamental theorem of calculus now applies.

We conclude that the identities (5.1) hold, which completes the proof. □
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5.2. Averaged local potential operators. Suppose that ϑ ∈ C∞
c (Rn,R) is non-negative, supported in

a ball B, and normalized to have unit integral:∫
Rn

ϑ(x) dx = 1.

We define the averaged homotopy operators

Pk
ϑu(x) :=

∫
Rn

ϑ(a)Pk
au(x) da, k ∈ Z.(5.3)

This is a linear map

Pk
ϑ : C∞(Rn,Λk) → C∞(Rn,Λk−1).

From the definition, it is clear that Pk
ϑu(x) depends only on the values of u over the convex hull of B∪{x}.

We reformulate the averaged homotopy operator. Suppose that 1 ≤ k ≤ n. By the substitution
τ := 1/(1− t), one finds

Pk
ϑu(x) =

∫
Rn

∫ 1

0

tk−1ϑ(a) (x− a) ⌟ u (a+ t(x− a)) dtda

=

∫
Rn

∫ ∞

1

(τ − 1)k−1τ−k−1ϑ(a) (x− a) ⌟ u (x+ (a− x)/τ) dτ da,

and by the substitution y(a) := x+ (a− x)/τ , one arrives at the formulation

Pk
ϑu(x) =

∫
Rn

∫ ∞

1

(τ − 1)k−1τn−kϑ (x+ τ(y − x)) dτ (x− y) ⌟ u(y) dy.(5.4)

We define the kernel function Gϑ,k : Rn × Rn → [0,∞] by

(5.5) Gϑ,k(ξ, η) :=

∫ ∞

1

(τ − 1)n−kτk−1ϑ (η + τ(ξ − η)) dτ, 1 ≤ k ≤ n.

The kernel function enters the definition of the Poincaré potential of any differential form u ∈ C∞(Rn,Λk):

Pk
ϑu(x) =

∫
Rn

Gϑ,n−k+1(y, x) (x− y) ⌟ u(y) dy, 1 ≤ k ≤ n.(5.6)

In particular, the averaged homotopy operators are integral kernel operators.
We define a localized version of the potential operator on domains that are star-shaped with respect to

a ball. For any x, y ∈ Rn, the closed line segment between x and y is written

[x, y] := {(1− t)x+ t y | 0 ≤ t ≤ 1} .

Suppose that Ω ⊆ Rn is an open set. We say that Ω is star-shaped with respect to a point x ∈ Ω if for all
y ∈ Ω it holds that [x, y] ⊆ Ω. We say that Ω is star-shaped with respect to a ball B ⊆ Ω if for all x ∈ B
and y ∈ Ω we have [x, y] ⊆ Ω.

Domains star-shaped with respect to a ball are Lipschitz domains; see [42, Lemma 3.15] and [48,
Lemma 2].

Remark 5.2. Each star-shaped open set is connected and contractible, and thus it is simply connected.
Domains star-shaped with respect to a point need not be Lipschitz domains, but domains star-shaped
with respect to a ball are always Lipschitz domains. Cartan’s homotopy relies on the set being star-shaped
with respect to a point, but the regularized homotopy operator requires the domain to be star-shaped
with respect to a ball.

The essential properties of the Poincaré operator are summarized in the following statement.

Theorem 5.3. Let Ω ⊆ Rn be bounded and star-shaped with respect to a ball B ⋐ Ω. Suppose that
ϑ ∈ C∞

c (Rn,R) is non-negative, has support in B, and has unit integral. We have continuous linear
operators

Pk
ϑ : D′(Ω,Λk) → D′(Ω,Λk−1), k ∈ Z,(5.7)
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that restrict to the following continuous operators:

Pk
ϑ : S ′(Ω,Λk) → S ′(Ω,Λk−1),(5.8a)

Pk
ϑ : C∞(Ω,Λk) → C∞(Ω,Λk−1),(5.8b)

Pk
ϑ : C∞

b (Ω,Λk) → C∞
b (Ω,Λk−1),(5.8c)

Pk
ϑ : W s,p

res (Ω,Λ
k) → W s+1,p

res (Ω,Λk−1), s ∈ R, p ∈ (1,∞),(5.8d)

Pk
ϑ : Bs

p,q(Ω,Λ
k) → Bs+1

p,q (Ω,Λk−1), s ∈ R, p, q ∈ (0,∞],(5.8e)

Pk
ϑ : F s

p,q(Ω,Λ
k) → F s+1

p,q (Ω,Λk−1), s ∈ R, p ∈ (0,∞), q ∈ (0,∞].(5.8f)

In addition, if u ∈ D′(Ω,Λk), then

u = P1
ϑd

0u+ ⟨u, ϑ⟩, k = 0,(5.9a)

u = dk−1Pk
ϑu+ Pk+1

ϑ dku, 1 ≤ k ≤ n− 1,(5.9b)

u = dk−1Pk
ϑu, k = n.(5.9c)

If u ∈ D′(Ω,Λk) and ω ⊆ Ω is relatively open with u|ω∩Ω ∈ C∞
b (ω ∩ Ω,Λk), then for every x0 ∈ ω there

exists ω′ ⊆ Ω relatively open with x0 ∈ ω′ and (Pk
ϑu)|ω′∩Ω ∈ C∞

b (ω′ ∩ Ω,Λk−1).

Proof. For any compact K ⊂ Rn, write

H(K) := {a+ t(x− a) | a ∈ supp(ϑ), x ∈ K, t ∈ [0, 1]}.

The set H(K) is compact. Since Ω is star-shaped with respect to B, it holds that

K ⋐ Ω =⇒ H(K) ⋐ Ω.(5.10)

When K ⊆ Rn is compact, then DK(Rn,Λk) ⊆ D(Rn,Λk) denotes the subspace of forms whose support
is contained in K.

It is clear that we have linear maps

Pk
ϑ : C∞(Ω,Λk) → C∞(Ω,Λk−1).(5.11)

The bound (5.2) for the classical homotopy operator yields the following bound for the averaged homotopy
operator:

max
α∈A(n)
|α|≤m

|∂αPk
ϑu(x)| ≤ (diam(Ω) +m) sup

z∈H({x})
max

α∈A(n)
|α|≤m

|∂αu(z)|, x ∈ Ω, m ∈ N0.(5.12)

As an immediate consequence, we have continuous operators (5.8b) and (5.8c), the first one with respect
to the topology of uniform convergence of all derivatives on compact subsets of Ω, the second with respect
to the topology of uniform convergence of all derivatives on Ω.

The same formula defines linear maps

Pk
ϑ : C∞(Rn,Λk) → C∞(Rn,Λk−1)(5.13)

continuous with respect to the topology of uniform convergence of all derivatives on compact sets. This is
compatible in the sense that

(Pk
ϑu)|Ω = Pk

ϑ(u|Ω), u ∈ C∞(Rn,Λk).

The discussion of distributional spaces requires a recourse to pseudodifferential calculus. The averaged
Poincaré operator, say, as a continuous linear map Pk : C∞

c (Rn,Λk) ⊆ C∞(Rn,Λk) → C∞(Rn,Λk−1),
is a pseudodifferential operator on Rn whose symbol belongs to the local Hörmander symbol class
S−1
1,0(Rn); see [17, Theorem 3.2]. This means that its symbol in Fourier space is a smooth function

ak ∈ C∞(Rn × Rn,Λk−1 ⊗ Λk), taking values in the C-linear mappings from Λk into Λk−1, such that for
any compact set K ⊆ Rn and multi-indices α, β ∈ A(n) there exists CK,α,β ≥ 0 satisfying

∀(x, ξ) ∈ K × Rn : |∂α
x ∂

β
ξ ak(x, ξ)| ≤ CK,α,β (1 + |ξ|)−1−|β|

,

∀(x, ξ) ∈ K × Rn : ak(x, ξ) = ak(x,−ξ).

Thus, using the Fourier transform and its inverse, we can write

(Pku)(x) =

∫
Rn

∫
Rn

e2πi(x−y)·ξak(x, ξ)u(y) dy dξ =

∫
Rn

e2πix·ξak(x, ξ)(Fu)(ξ) dξ
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for any u ∈ C∞
c (Rn,Λk) and x ∈ Rn. Here, we only observe that the integral is convergent because

Fu ∈ S(Rn,Λk
C). We refer to the literature ([33, Chapter XVIII], [27, Definition 7.1], [65, 7.1.4], [66,

Definition 2.1, Definition 2.3], [68]) for the definition of pseudodifferential operators and their symbols.
We let ϱ ∈ C∞

c (Rn,R) with ϱ = 1 within an open bounded neighborhood of Ω. For simplicity, we
assume that supp(ϱ) is convex and thus star-shaped with respect to B. Therefore, supp(ϱ) is star-shaped
with respect to the same ball B. Define ãk(x, ξ) := ϱ(x)ak(x, ξ). Now, ãk ∈ C∞(Rn × Rn,Λk−1 ⊗ Λk),
and for all multi-indices α, β ∈ A(n) we have the estimate

∀(x, ξ) ∈ Rn × Rn : |∂α
x ∂

β
ξ ãk(x, ξ)| ≤ Cα,β (1 + |ξ|)−1−|β|

.

Thus, ãk belongs to the global Hörmander symbol class S−1
1,0(Rn); see [33, Definition 18.1.1], [68, Definition

6.1]. This immediately implies that this symbol defines a pseudodifferential operator Qk, and this operator
is a continuous map between Schwartz spaces [33, Theorem 18.1.6], [68, Proposition 6.7]:

Qk : S(Rn,Λk) → S(Rn,Λk−1).(5.14)

By definition,

(Qku)|Ω = (Pku)|Ω, u ∈ S(Rn,Λk).(5.15)

The pseudodifferential operator Qk defines a transpose (Qk)t with the same symbol class [33, Theo-
rem 18.1.7], [66, Theorem I.3.1], which is again a well-defined continuous map between Schwartz spaces:

(Qk)t : S(Rn,Λk−1) → S(Rn,Λk).(5.16)

The transpose pseudodifferential operator is also uniquely defined by the pairing〈
Qku, v

〉
:=

〈
u, (Qk)tv

〉
, u ∈ S(Rn,Λk), v ∈ S(Rn,Λk−1).

By duality (see also [33, Theorem 18.1.7], [65, Lemma 7.1.1]), (5.14) embeds into a continuous operator

Qk : S ′(Rn,Λk) → S ′(Rn,Λk−1).(5.17)

We show that (Qk)t maps D(Rn,Λk−1) into D(Rn,Λk). Suppose that v ∈ D(Rn,Λk−1) and let
u ∈ D(Rn,Λk) such that supp(u) ∩H(supp(v)) = ∅. Then Qku vanishes on supp(v). From〈

u, (Qk)tv
〉
=

〈
Qku, v

〉
= 0

we conclude that supp((Qk)tv) ⊆ H(supp v). As (Qk)t is already a continuous mapping on the Schwartz
space, for any compact set K ⊆ Rn we therefore have a continuous operator (Qk)t : DK(Rn,Λk−1) →
DH(K)(Rn,Λk). In particular, we have a continuous operator

(Qk)t : D(Rn,Λk−1) → D(Rn,Λk).(5.18)

By duality, we have a continuous operator

Qk : D′(Rn,Λk) → D′(Rn,Λk−1).(5.19)

Note that (5.14) embeds into (5.19).
If u ∈ S ′(Rn,Λk) with u|Ω = 0, then for any v ∈ C∞

c (Ω,Λk−1) we observe〈
Qku, v

〉
=

〈
u, (Qk)tv

〉
= 0

because supp((Qk)tv) ⊆ Ω. Since (5.17) is continuous and preserve the kernel of the restriction to Ω, we
conclude that we have a well-defined operator

Qk : S ′(Ω,Λk) → S ′(Ω,Λk−1)(5.20)

that is continuous with respect to the quotient topology.
Recall that for any compact set K ⊆ Ω we have H(K) ⊆ Ω. We have seen that we have a continuous

operator (Qk)t : DK(Rn,Λk−1) → DH(K)(Rn,Λk). Thus, we have a well-defined continuous operator

(Qk)t : D(Ω,Λk−1) → D(Ω,Λk).(5.21)

We define a linear operator

Qk : D′(Ω,Λk) → D′(Ω,Λk−1), u 7→ ⟨u, (Qk)t·⟩.(5.22)

The continuity of (5.21) implies that (5.22) is continuous. Furthermore, the restriction to S ′(Ω,Λk)
coincides with the original operator (5.20).
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We have already established the continuity of the operator Pk
ϑ : D(Rn,Λk) → D′(Rn,Λk−1). By

restriction, we have a continuous operator

Pk
ϑ : D(Ω,Λk) → D′(Ω,Λk−1).(5.23)

The latter agrees with Qk : D′(Ω,Λk) → D′(Ω,Λk−1) on D(Ω,Λk), which is dense in D′(Ω,Λk). Therefore,
the operator (5.23) embeds into the continuous operator (5.22). We conclude that we have continuous
linear operators (5.7) and (5.8a) that extend (5.8b).

We now draw on continuity properties of pseudodifferential operators with symbols in the global
Hörmander class S−1

1,0 . Since Qk has a symbol in the global Hörmander class, we have continuous linear
operators (see [36, Theorem 4.1], [47, Theorem 7, Theorem 9]):

Qk : Bs
p,q(Rn,Λk) → Bs+1

p,q (Rn,Λk−1), s ∈ R, p, q ∈ (0,∞],

Qk : F s
p,q(Rn,Λk) → F s+1

p,q (Rn,Λk−1), s ∈ R, p ∈ (0,∞), q ∈ (0,∞].

These operators map distributions that vanish on Ω to distributions that vanish on Ω, and therefore we
have well-defined continuous operators

Qk : Bs
p,q(Ω,Λ

k) → Bs+1
p,q (Ω,Λk−1), s ∈ R, p, q ∈ (0,∞],

Qk : F s
p,q(Ω,Λ

k) → F s+1
p,q (Ω,Λk−1), s ∈ R, p ∈ (0,∞), q ∈ (0,∞],

with respect to the quotient topologies. The domains of the latter two mappings embed into S ′(Ω,Λk),
where Qk and Pk agree. As a consequence, we obtain the continuity of the operators (5.8e) and (5.8f).

The continuity condition (5.8d) between Sobolev–Slobodeckij spaces is now evident due to the usual
identification with Besov and Triebel–Lizorkin spaces, depending on whether both s and s+ 1 are either
integral or non-integral; see Remark 2.3.

The homotopy identities (5.9) are known to hold for u ∈ D(Ω,Λk). Smooth compactly supported
differential forms on Ω are dense in the distributional differential forms on Ω, on which the involved
operations are continuous on distributional differential forms on Ω. By density, (5.9) holds for any
u ∈ D′(Ω,Λk).

It remains to show that Pk
ϑ preserves local smoothness. Here, we only need to consider k ∈ {1, . . . , n}.

Let u ∈ D′(Ω,Λk) and ω ⊆ Ω be relatively open such that u|ω∩Ω ∈ C∞
b (ω∩Ω,Λk). Let x0 ∈ ω. If x0 ∈ Ω,

then we restrict ω to a Lipschitz domain ω ⋐ Ω, and we write ω̃ := ω. If x0 ∈ ∂Ω, then we may restrict ω
such that there exists a Lipschitz-graph chart domain ω̃ at x0 with ω = Ω∩ ω̃; in this case, both ω̃ and ω
are Lipschitz domains.

Since ω∩Ω is now assumed to be a Lipschitz domain, there exists ũ ∈ C∞(Rn,Λk) with ũ|ω∩Ω = u|ω∩Ω.
There exists η ∈ C∞

c (Rn,R) with η ≡ 1 in an open neighborhood of x0 and supp(η) ⋐ ω̃. Therefore,
ηũ ∈ C∞

c (ω̃,Λk), from which we conclude

Qk(ηũ) ∈ C∞(Rn,Λk−1).

This implies

Pk
ϑ(ηu) = Qk(ηũ)|Ω ∈ C∞

b (Ω,Λk−1).

The expression Pk
ϑ((1 − η)u) is analyzed via its Schwartz kernel. Abbreviate R := 2 diam(Ω). There

exists ϵ > 0 small enough such that η ≡ 1 on B(x0, 2ϵ). For all x ∈ B(x0, ϵ), the properties of ϑ and the
definition of the Poincaré operator yield

Pk
ϑ ((1− η)u) =

∫
Ω

∫ ∞

1

(τ − 1)k−1τn−kϑ (x+ τ(y − x)) (1− η(y))(x− y) ⌟ u(y) dτ dy

=

∫∫
y∈B(x0,2R)\B(x0,2ϵ)

1<τ<diam(Ω)ϵ−1

(τ − 1)k−1τn−kϑ (x+ τ(y − x)) (1− η(y)) dτ (x− y) ⌟ u(y) dy.

In particular, for x near x0, the Schwartz kernel is smooth in both variables and its support in the second
variable is contained in a compact subset of Ω. It follows that Pk

ϑ ((1− η)u) is smooth near x0 for any
u ∈ D′(Ω,Λk). We conclude that

Pk
ϑ(u) = Pk

ϑ(ηu) + Pk
ϑ((1− η)u)

is smooth near x0 with bounded derivatives of all orders.
The proof is complete. □
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Remark 5.4. The averaged Poincaré operators have symbols only in the local Hörmander class, which is
why the multiplication with a cut-off function is used. Costabel and McIntosh [17] focus on the Bessel
potential scale with p = q = 2 for the sake of exposition. The proof in this manuscript, albeit perhaps
verbose, collects elementary facts on pseudodifferential operators, explicitly available in the literature, to
make the key results reproducible for a wider audience.

5.3. Global potential operators. We follow the construction of a global potential as described by
Costabel and McIntosh [17]. We develop two geometric auxiliary results. The first one is that within
sufficiently small local chart domains, the Lipschitz domain is star-shaped with respect to an interior ball.
The second one is that each bounded Lipschitz domain admits a family of open covers with subordinate
partitions of unity satisfying additional properties.

Lemma 5.5. Let Ω ⊆ Rn be a Lipschitz domain and p ∈ ∂Ω. Then every open neighborhood of p contains
a convex Lipschitz chart domain U with p ∈ U such that

• U ∩ Ω is star-shaped with respect to a ball B ⊆ U ∩ Ω.
• U ∩ Rn \ Ω is star-shaped with respect to a ball B′ ⊆ U ∩ Rn \ Ω.

Proof. The statement is trivial if n = 1, so we consider the case n ≥ 2. By assumption, there exists an
open neighborhood U ⊆ Rn of p, numbers r, h > 0, an isometry

φ : U → (−r, r)n−1 × (−h, h),

and a Lipschitz-continuous function γ : (−r, r)n−1 → R such that (3.2) holds. We write L > 0 for some
positive upper bound on the Lipschitz constant of γ and abbreviate

ω := (−r, r)n−1 × (−h, h), Γ := φ(U ∩ ∂Ω), C := {(y′, yn) ∈ Rn | yn < −L∥y′∥} .

Note that Γ is the graph of γ. Then C is a cone whose apex is the origin. Abbreviate δ := 2
√
n− 1r.

The graph of γ is contained within (−r, r)n−1 × (−Lδ, Lδ). Hence,

(−r, r)n−1 × (−h,−3Lδ) ⊆ Γ + C.

We restrict r > 0 so that h/2 > 3Lδ. Then φ(U ∩ Ω) is star-shaped with respect to (−r, r)n−1 ×
(−h,−6L

√
n− 1r), which includes the desired ball φ(B). In this situation, φ(U ∩ (Rn \Ω)) is analogously

star-shaped with respect to (−r, r)n−1 × (6L
√
n− 1r, h), which includes the desired ball φ(B′). We can

require both r and h to be as small as needed. □

Theorem 5.6. Let Ω ⊆ Rn be a bounded Lipschitz domain. There exist finitely many finite families

U1, U2, . . . , UN

of sets open in Rn having the form

Ui := {ωi,j | 1 ≤ j ≤ mi} , 1 ≤ i ≤ N,

with the following properties:
• For each 1 ≤ i ≤ N , the family Ui is an open cover of Ω by convex sets.
• For each 1 ≤ i ≤ N and each 1 ≤ j ≤ mi, there exists an open ball Bi,j ⊆ ωi,j ∩ Ω such that
ωi,j ∩ Ω is star-shaped with respect to Bi,j.

• For each 1 ≤ i ≤ N , there exists a smooth partition of unity (χi,j)1≤j≤mi
satisfying

χi,j ∈ C∞
c (ωi,j ,R), χi,j ≥ 0,

mi∑
j=1

χi,j = 1 on an open neighborhood of Ω.

• For every x ∈ Ω there exists 1 ≤ i ≤ N such that

χi,1, χi,2, . . . , χi,mi
are constant near x.

Proof. We first show that each point p ∈ Ω admits an arbitrarily small convex open neighborhood U ⊆ Rn

such that U ∩ Ω is star-shaped with respect to a ball B ⊂ U ∩ Ω.
This is clear if p ∈ Ω, because then we can take a sufficiently small open ball U with U ⊂ Ω and a

smaller concentric open ball B ⊆ U . If p ∈ ∂Ω, then we use Lemma 5.5.
With that auxiliary result in place, we construct the open covers and the partitions of unity. For each

z ∈ Ω, we choose an open neighborhood ωz ⊆ Rn such that both ωz and ωz ∩ Ω are star-shaped with
respect to an open ball Bz ⊆ ωz ∩ Ω. In addition, we choose Vz open and convex such that z ∈ Vz ⋐ ωz.

Because Ω is compact, there exists a finite set Z := {z1, . . . , zN} ⊆ Ω such that {Vz | z ∈ Z} is a finite
open cover of Ω.
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Consider any 1 ≤ i ≤ N . Using the above auxiliary result and a compactness argument, we obtain a
finite family of open sets Ui such that

• Ω ⊂
⋃
Ui.

• For each U ∈ Ui, both U and U ∩ Ω are star-shaped with respect to a ball B ⊆ U ∩ Ω.
• ωzi ∈ Ui.
• Vzi ∩

⋃
(Ui \ {ωzi}) = ∅.

Let (χU )U∈Ui
be a smooth partition of unity subordinate to Ui, which means that each χU ∈ C∞

c (U,R)
is non-negative and there exists an open neighborhood Ω̃ of Ω such that

1 =
∑

U∈Ui
χU |Ω̃.

In addition, only one of the functions is non-zero on Vzi , and that function must equal 1 on Vzi ∩ Ω̃
because we have a partition of unity. Since the sets Vz, z ∈ Z, cover Ω, this shows that for every x ∈ Ω
there exists 1 ≤ i ≤ N such that the functions χi,1, . . . , χi,mi are constant near x. This defines the
families U1, . . . ,UN of open covers and the partitions of unity, as in the statement of the theorem. □

Remark 5.7. By taking the union of the open covers U1, . . . ,UN in Theorem 5.6, we may assume that the
different partitions of unity are all subordinate to a single open cover.

We proceed with the construction of the global potential operator. Let Ω be a bounded Lipschitz
domain. By Theorem 5.6, there exists a finite family of open covers

U1 := (ω1,j)1≤j≤m1
, U2 := (ω2,j)1≤j≤m2

, . . . , UN := (ωN,j)1≤j≤mN
,

and associated partitions of unity

(χ1,j)1≤j≤m1
, (χ2,j)1≤j≤m2

, . . . , (χN,j)1≤j≤mN
.

For each 1 ≤ i ≤ N and 1 ≤ j ≤ mi, the set ωi,j is star-shaped with respect to a ball Bi,j ⊆ ωi,j ∩Ω. We
assume that ϑi,j ∈ C∞

c (Rn,R) is a non-negative smooth function with unit integral and support in Bi,j .
This allows us to define the local Poincaré potential operators

Pk
i,j : D′(ωi,j ∩ Ω,Λk) → D′(ωi,j ∩ Ω,Λk−1), k ∈ Z.

We define the intermediate potential operators

Pk
i : D′(Ω,Λk) → D′(Ω,Λk−1), k ∈ Z.

by the sum

Pk
i (u) :=

∑
1≤j≤mi

χi,jP
k
i,j(u|ωi,j∩Ω).

We comment on why the operator Pk
i is well-defined: the support properties of Pk

i,j imply that Pk
i,j(u|ωi,j∩Ω)

on the open set Ω ∩ ωi,j depends only on u|ωi,j∩Ω.
Suppose that u ∈ D′(Ω,Λk). In the case k = 0, we observe

P1
id

ku =
∑

1≤j≤mi

χi,jP
1
i,j(d

0u|ωi,j∩Ω) =
∑

1≤j≤mi

χi,j (u− ⟨u, ϑi,j⟩) = u−
∑

1≤j≤mi

⟨u, ϑi,j⟩χi,j .

In the case k ≥ 1, we observe the homotopy property

dk−1Pk
i u+ Pk+1

i dku = dk−1
∑

1≤j≤mi

(χi,jP
k
i,j(u)) +

∑
1≤j≤mi

χi,jP
k+1
i,j dku

=
∑

1≤j≤mi

dk−1(χi,jP
k
i,j(u))− χi,jd

k−1Pk
i,ju+ χi,jd

k−1Pk
i,ju+ χi,jP

k+1
i,j dku

= u+
∑

1≤j≤mi

dk−1(χi,jP
k
i,j(u))− χi,jd

k−1Pk
i,ju.

Note that ∑
1≤j≤mi

dk−1(χi,jP
k
i,j(u))− χi,jd

k−1Pk
i,ju =

∑
1≤j≤mi

(d0χi,j) ∧ Pk
i,j(u).

This motivates the following definitions of residual operators. We define

Kk
i : D′(Ω,Λk) → D′(Ω,Λk), k ∈ Z,
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by setting

K0
i (u) :=

∑
1≤j≤mi

⟨u, ϑi,j⟩χi,j ,

Kk
i (u) := −

∑
1≤j≤mi

(d0χi,j) ∧ Pk
i,j(u), k ≥ 1.

The homotopy property takes the form

u = P1
id

0u+K0
i (u),

u = dk−1Pk
i u+ Pk+1

i dku+Kk
i (u), k ≥ 1.

This residual operator commutes with the exterior derivative: in the case k = 0, we find

d0K0
i (u) =

∑
1≤j≤mi

⟨u, ϑi,j⟩d0χi,j =
∑

1≤j≤mi

(u− P1
i,jd

0u)d0χi,j

= −
∑

1≤j≤mi

(P1
i,jd

0u)d0χi,j = −
∑

1≤j≤mi

d0χi,j ∧ (P1
i,jd

0u) = K1
i (d

0u),

and in the case k ≥ 1, we find that

dkKk
i (u) = −

∑
1≤j≤mi

dk
(
(d0χi,j) ∧ Pk

i,j(u)
)
=

∑
1≤j≤mi

(d0χi,j) ∧ dk−1Pk
i,ju

=
∑

1≤j≤mi

(d0χi,j) ∧ u−
∑

1≤j≤mi

(d0χi,j) ∧ Pk+1
i,j (dku) = Kk+1

i (dku),

where we have used the local homotopy formula and
∑

j d
0χi,j = 0. We define the global Poincaré

potential operator as the following sum of compositions:

Pk :=

N∑
i=1

Kk−1
1 Kk−1

2 · · ·Kk−1
i−1 P

k
i , k ≥ 1.

Using that the residual operators commute with the exterior derivative, we again observe a homotopy
property:

dk−1Pku+ Pk+1dku = dk−1
N∑
i=1

Kk−1
1 Kk−1

2 · · ·Kk−1
i−1 P

k
i u+

N∑
i=1

Kk
1K

k
2 · · ·Kk

i−1P
k+1
i dku

=

N∑
i=1

Kk
1K

k
2 · · ·Kk

i−1d
k−1Pk

i u+

N∑
i=1

Kk
1K

k
2 · · ·Kk

i−1P
k+1
i dku

=

N∑
i=1

Kk
1K

k
2 · · ·Kk

i−1(d
k−1Pk

i + Pk+1
i dk)u

=

N∑
i=1

Kk
1K

k
2 · · ·Kk

i−1(u−Kk
i u)

= u−Kk
1K

k
2 · · ·Kk

Nu.

We consider the composition

Kk := Kk
1K

k
2 · · ·Kk

N , k ∈ Z.
We have shown that

u = dk−1Pku+ Pk+1dku+Kku.

It is clear that

dkKk = Kk+1dk.

As a consequence for closed forms, if dku = 0, then

u = dk−1Pku+Kku.

As a consequence for exact forms, if u = dk−1v, then

u = dk−1Pkdk−1v +Kkdk−1v = dk−1
(
Pku+Kk−1v

)
.
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We review a few known mapping properties of these operators; see [17, Corollary 3.4, Theorem 4.6]. It
may come as a surprise that Kk is, in fact, infinitely smoothing.

Theorem 5.8. We have continuous linear operators

Kk : D′(Ω,Λk) → C∞(Ω,Λk), k ∈ Z.(5.24)

Proof. We show that each Kk
i preserves local smoothness. Suppose that u ∈ D′(Ω,Λk) such that for

some relatively open set ω ⊆ Ω we have u|ω∩Ω ∈ C∞
b (ω,Λk). Given any x0 ∈ ω, we use Theorem 5.3 and

finiteness of the open cover Ui to conclude that there exists a set ω′ ⊆ Ω relatively open with x0 ∈ ω′

such that (Kk
i u)|ω′∩Ω ∈ C∞

b (ω′ ∩ Ω,Λk).
For every x0 ∈ Ω there exists 1 ≤ i ≤ N and ω ⊆ Ω relatively open such that x0 ∈ ω and

χi,1, χi,2, . . . , χi,mi constant on ω. It follows that Kk
i u|ω is smooth on ω with bounded derivatives of all

orders.
Taking into account that Ω is compact, we conclude that the composition Kk = Kk

1K
k
2 · · ·Kk

N defines
a linear map

Kk : D′(Ω,Λk) → C∞
b (Ω,Λk).(5.25)

It remains to prove that (5.25) is continuous. As an auxiliary result, we first notice that Kk
i :

D′(Ω,Λk) → D′(Ω,Λk) are continuous operators, and so their compositions are continuous:

Kk : D′(Ω,Λk) → D′(Ω,Λk).(5.26)

Suppose now that ui ∈ D′(Ω,Λk) is a sequence that converges to u ∈ D′(Ω,Λk) such that the sequence
Kkui converges to v ∈ C∞(Ω,Λk), each with respect to the locally convex topology. Then Kkui converges
to v in the topology of D′(Ω,Λk). By continuity of Kk : D′(Ω,Λk) → D′(Ω,Λk), we infer that v = Kku.
We conclude that Kk : D′(Ω,Λk) → C∞

b (Ω,Λk) has a sequentially closed graph.
As D′(Ω,Λk) is ultrabornological and C∞

b (Ω,Λk) is a Fréchet space, hence a webbed space, we
can apply a classical generalization of the closed graph theorem [38, 35.2] for operators between such
spaces with sequentially closed graphs to infer the desired continuity of Kk. On a Lipschitz domain,
C∞

b (Ω,Λk) = C∞(Ω,Λk), and thus the proof is complete. □

Theorem 5.9. We have linear maps

Pk : D′(Ω,Λk) → D′(Ω,Λk−1), Kk : D′(Ω,Λk) → C∞(Ω,Λk).

We have bounded linear operators

Pk : S ′(Ω,Λk) → S ′(Ω,Λk−1),(5.27a)

Pk : C∞(Ω,Λk) → C∞(Ω,Λk−1),(5.27b)

Pk : W s,p
res (Ω,Λ

k) → W s+1,p
res (Ω,Λk−1), s ∈ R, p ∈ (1,∞),(5.27c)

Pk : Bs
p,q(Ω,Λ

k) → Bs+1
p,q (Ω,Λk−1), s ∈ R, p, q ∈ (0,∞],(5.27d)

Pk : F s
p,q(Ω,Λ

k) → F s+1
p,q (Ω,Λk−1), s ∈ R, p ∈ (0,∞), q ∈ (0,∞].(5.27e)

We have compact linear operators

Kk : W s,p
res (Ω,Λ

k) → W t,p
res (Ω,Λ

k), s, t ∈ R, p ∈ (1,∞).(5.28)

In addition, if u ∈ D′(Ω,Λk), then

u = dk−1Pku+ Pk+1dku+Kku.(5.29)

Proof. The properties (5.27) and (5.29) is a combination of the previous results. The compactness
of (5.28) follows with a Rellich–Kondrachov compactness theorem on bounded Lipschitz domains. □

The potential operators Pk and the residual operators Kk are universal in the sense that they are
defined and continuous on a range of function spaces simultaneously. We now introduce additional
universal constructions: a universal harmonic complement and a universal regular decomposition. These
generalize the homotopy formulas.

Theorem 5.10. For each k ∈ Z, there exists a finite-dimensional subspace

Hk ⊂ C∞(Ω,Λk), dkHk = 0,
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and continuous operators

P̂k : D′(Ω,Λk) → D′(Ω,Λk−1), πk : D′(Ω,Λk) → Hk

such that the following properties hold:
• πk is a projection.
• For any u ∈ D′(Ω,Λk), we have

dkP̂k+1dku = dku, dkπku = 0, πk+1dku = 0,

u = P̂k+1dku+ πku+ dk−1P̂ku.

• If u ∈ D′(Ω,Λk) with dku = 0, then

u = πku+ dk−1P̂ku.

• We have

dimHk = dim
ker

(
dk : C∞(Ω,Λk) → C∞(Ω,Λk+1)

)
rng

(
dk−1 : C∞(Ω,Λk−1) → C∞(Ω,Λk)

) .
• The operators P̂k have the following continuous restrictions:

P̂k : S ′(Ω,Λk) → S ′(Ω,Λk−1),(5.30a)

P̂k : C∞(Ω,Λk) → C∞(Ω,Λk−1),(5.30b)

P̂k : C∞
b (Ω,Λk) → C∞

b (Ω,Λk−1),(5.30c)

P̂k : W s,p
res (Ω,Λ

k) → W s+1,p
res (Ω,Λk−1), s ∈ R, p ∈ (1,∞),(5.30d)

P̂k : Bs
p,q(Ω,Λ

k) → Bs+1
p,q (Ω,Λk−1), s ∈ R, p, q ∈ (0,∞],(5.30e)

P̂k : F s
p,q(Ω,Λ

k) → F s+1
p,q (Ω,Λk−1), s ∈ R, p ∈ (0,∞), q ∈ (0,∞].(5.30f)

• We have direct sums{
u ∈ D′(Ω,Λk) | dku = 0

}
= Hk ⊕ dk−1D′(Ω,Λk−1),(5.31a) {

u ∈ W s,p
res (Ω,Λ

k) | dku = 0
}
= Hk ⊕ dk−1W s+1,p

res (Ω,Λk−1), p ∈ (1,∞), s ∈ R,(5.31b) {
u ∈ Bs

p,q(Ω,Λ
k) | dku = 0

}
= Hk ⊕ dk−1Bs+1

p,q (Ω,Λk−1), s ∈ R, p, q ∈ (0,∞],(5.31c) {
u ∈ F s

p,q(Ω,Λ
k) | dku = 0

}
= Hk ⊕ dk−1F s+1

p,q (Ω,Λk−1), s ∈ R, p ∈ (0,∞), q ∈ (0,∞].(5.31d)

Proof. We use a differential complex of Hilbert spaces for auxiliary computations. Define

Xk := Wn−k,2
res (Ω,Λk).

Write Xk
⊥ ⊆ Xk for the orthogonal complement of the nullspace of dk : Xk → Xk+1, and write

πk
⊥ : Xk → Xk

⊥ for the orthogonal projection. We have bounded operators dk : Xk → Xk+1. We first
prove that these differentials have closed range. Suppose to the contrary that (vm)m∈N is a sequence of
unit vectors in Xk

⊥ such that (dkvm)m∈N converges to zero. Recall that

vm = πk
⊥vm = πk

⊥K
kvm + πk

⊥d
k−1Pkvm + πk

⊥P
k+1dkvm = πk

⊥K
kvm + πk

⊥P
k+1dkvm.

By continuity of Pk+1, the summand πk
⊥P

k+1dkvm converges to zero. Recall that Kk : Xk → Xk is
compact. By that compactness, we can restrict (πk

⊥K
kvm)m∈N to a subsequence that is convergent to a

vector v ∈ Xk
⊥. That is a unit vector. But since dk : Xk → Xk+1 is continuous,

dkv = lim
m→∞

dkπk
⊥K

kvm = lim
m→∞

dkKkvm = lim
m→∞

Kk+1dkvm = 0.

We conclude that dk : Xk → Xk+1 has closed range.
There exists a closed subspace Yk ⊆ Xk such that we have an orthogonal sum

ker
(
dk : Xk → Xk+1

)
= dk−1Xk−1 ⊕ Yk.

Write Πk
Y : Xk → Yk for the orthogonal projection. In addition, the closed range property implies

the existence of a bounded operator Pk+1
X : Xk+1 → Xk that is the Moore–Penrose pseudoinverse of

dk : Xk → Xk+1.
Suppose that z ∈ Yk. Then dkz = 0, and the homotopy formula in Theorem 5.9 shows

z = Kkz + dk−1Pkz + Pk+1dkz = Kkz + dk−1Pkz.
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Since Pkz ∈ Xk−1, we get

z = Πk
Yz = Πk

Y

(
Kkz + dk−1Pkz

)
= Πk

YK
kz.

As z ∈ Yk and Kk : Xk → Xk is compact, the space Yk is finite-dimensional.
We define the projected subspace and the operator

Hk := KkYk, πk
0 := KkΠk

YK
k.

We have Hk ⊆ C∞(Ω,Λk) by Theorem 5.9. If u ∈ Yk with Kku = 0, then u = dk−1Pku, which implies
u = 0. This means that Kk : Yk → Hk is injective, hence bijective. In particular,

dimYk = dimHk.

We review the properties of πk
0 . If u ∈ D′(Ω,Λk−1), then

πk
0d

k−1u = KkΠk
YK

kdk−1u = KkΠk
Yd

k−1Kk−1u = 0.

If u ∈ D′(Ω,Λk), then

dkπk
0u = dkKkΠk

YK
ku = Kk+1dkΠk

YK
ku = 0.

We verify that πk
0 : D′(Ω,Λk) → Hk is idempotent. To see that, suppose v ∈ Yk and let z := Kkv. Recall

that dkv = dkz = 0. Using z ∈ C∞(Ω,Λk), we get

πk
0z = KkΠk

YK
kz = KkΠk

Y(z − dk−1Pkz) = KkΠk
Yz

= KkΠk
YK

kv = KkΠk
Y(v − dk−1Pkv) = KkΠk

Yv = Kkv = z.

Hence, πk
0 : D′(Ω,Λk) → Hk is a projection. We also conclude

dk−1D′(Ω,Λk−1) ∩Hk = {0}(5.32)

because πk
0 annihilates the first space in the intersection and acts as the identity on the second.

We prove the universal regular decomposition. Let u ∈ D′(Ω,Λk) with dku = 0. The homotopy formula
of Theorem 5.9 yields

u = dk−1Pku+Kku.

The orthogonal decomposition gives that w := Kku − Πk
YK

ku ∈ dk−1Xk−1. Consequently, Kku =
Πk

YK
ku+ w with w = dk−1Pk

XKku, and we have

Kku = Πk
YK

ku+ dk−1Pk
XKku.

The last decomposition is orthogonal in Xk. Now,

Kku = Kkdk−1Pku+KkKku

= dk−1Kk−1Pku+KkΠk
YK

ku+Kkdk−1Pk
XKku = dk−1

(
Kk−1Pku+Kk−1Pk

XKku
)
+KkΠk

YK
ku.

It follows that

u = dk−1
(
Pku+Kk−1Pku+Kk−1Pk

XKku
)
+KkΠk

YK
ku.

Define the operator

P̂k
0 := Pk +Kk−1Pk +Kk−1Pk

XKk.

We have shown that if u ∈ D′(Ω,Λk) with dku = 0, then

u = dk−1P̂k
0u+ πk

0u.(5.33)

As an immediate consequence,

dkP̂k+1
0 dku = dku.

For any u ∈ D′(Ω,Λk), write v := u− P̂k+1
0 dku. Thus, dkv = 0, and

u = P̂k+1
0 dku+ v = P̂k+1

0 dku+ dk−1P̂k
0v + πk

0v.

Define the operators

P̂k := P̂k
0

(
Id−P̂k+1

0 dk
)
, πk := πk

0

(
Id−P̂k+1

0 dk
)
.

25



If u ∈ D′(Ω,Λk), then

u = P̂k+1dku+ dk−1P̂ku+ πku, dku = dkP̂k+1dku,

dku = 0 =⇒ u = dk−1P̂k
0u+ πku,

dkπku = 0, πk+1dku = 0, πkπku = πku.

The continuity conditions (5.30) hold after composition.
Now, (5.32) together with the decomposition (5.33) via Theorem 5.9 shows the topological direct

sums (5.31). The proof is complete. □

Remark 5.11. The auxiliary differential complex in the proof of Theorem 5.10 is an arbitrary choice;
different choices need not lead to the same universal complement space. In particular, the universal
regular decomposition is not identical to the orthogonal Hodge decomposition of those Hilbert complexes.

We also remark that the last harmonic complement space Hn(Ω) of an n-dimensional bounded Lipschitz
domain is always trivial, i.e., dimHn(Ω) = 0, as is known from algebraic topology. In particular, the
homotopy operator for the divergence always finds a potential vector field whose divergence equals the
original source field.

6. Universal extension of differential forms

The combination of the universal extension operators on scalar fields and the universal regular
decomposition on de Rham complexes leads to the universal extension operators of differential forms. We
first present an operator that extends differential forms on a bounded Lipschitz domain onto the whole
ambient space and preserves the regularity of both the differential form and its exterior derivative; this
preservation of regularity is what we refer to as compatible. For example, if the differential form is in a
Sobolev–Slobodeckij space and its exterior derivative has additional regularity, then this will be reflected
in the extension onto the enclosing ambient space.

The second extension operator modifies that simple construction: it is not onto the whole space but
only onto a collar neighborhood of the original Lipschitz domain. However, it commutes with the exterior
derivative and induces isomorphisms between the cohomology groups on the Lipschitz domain and its
extension.

An exploration of the smooth de Rham cohomology on a bounded Lipschitz domain subject to a partial
flatness condition is a critical auxiliary result and also a contribution of independent interest.

We now develop the universal extension operators for differential forms on bounded Lipschitz domains.

6.1. Compatible extension of differential forms. We write Ek for the componentwise universal
extension operator of Theorem 3.4 acting on k-forms.

Theorem 6.1. Let Ω ⊆ Rn be a bounded Lipschitz domain and k ∈ Z. Let P̂k and πk be the corrected
potential and projection from Theorem 5.10. We have a continuous operator

Ak : S ′(Ω,Λk) → S ′(Rn,Λk), u 7→ EkP̂k+1dku+ dk−1Ek−1P̂ku+ Ekπku,(6.1)

such that for all u ∈ S ′(Ω,Λk) we have

(Aku)|Ω = u.(6.2)

Moreover, we have a continuous operator

Ak : C∞(Ω,Λk) → C∞(Rn,Λk).(6.3)

Each of the following inequalities holds if its right-hand side is finite:
• If s ∈ R and p ∈ (1,∞), then

∥Aku∥W s,p
res (Rn,Λk) ≤ C∥u∥W s,p

res (Ω,Λk),(6.4a)

∥dkAku∥W s,p
res (Rn,Λk+1) ≤ C

(
∥dku∥W s,p

res (Ω,Λk+1) + ∥πku∥W s+1,p
res (Ω,Λk)

)
.(6.4b)

• If s ∈ R and p, q ∈ (1,∞], then

∥Aku∥Bs
p,q(Rn,Λk) ≤ C∥u∥Bs

p,q(Ω,Λk),(6.4c)

∥dkAku∥Bs
p,q(Rn,Λk+1) ≤ C

(
∥dku∥Bs

p,q(Ω,Λk+1) + ∥πku∥Bs+1
p,q (Ω,Λk)

)
.(6.4d)
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• If s ∈ R and p, q ∈ (1,∞] with p < ∞, then

∥Aku∥F s
p,q(Rn,Λk) ≤ C∥u∥F s

p,q(Ω,Λk),(6.4e)

∥dkAku∥F s
p,q(Rn,Λk+1) ≤ C

(
∥dku∥F s

p,q(Ω,Λk+1) + ∥πku∥F s+1
p,q (Ω,Λk)

)
.(6.4f)

Here, the constant C only depends on Ω and the relevant parameters s, p, q.

Proof. The continuity conditions (6.1) and (6.3) follow from Theorems 3.4 and 5.10. Throughout the
proof, let u ∈ S ′(Ω,Λk). To show the extension property, we observe

(Aku)|Ω = (dk−1Ek−1P̂ku)|Ω + (Ekπku)|Ω + (EkP̂k+1dku)|Ω
= dk−1(Ek−1P̂ku)|Ω + (Ekπku)|Ω + (EkP̂k+1dku)|Ω
= dk−1P̂ku+ πku+ P̂k+1dku = u.

The last equality is the homotopy identity in Theorem 5.10. It remains to prove the other continuity
properties. We begin with the Sobolev–Slobodeckij scale. Let s, t ∈ R and p ∈ (1,∞) with t ≥ s− 1. In
what follows, we write A ≲ B if A ≤ CB holds with a constant C ≥ 0 that only depends on Ω, p, s, and t.

From the definition of the extension operator,

∥Aku∥W s,p
res (Rn,Λk) ≲ ∥EkP̂k+1dku+ dk−1Ek−1P̂ku+ Ekπku∥W s,p

res (Rn,Λk)

≲ ∥EkP̂k+1dku∥W s,p
res (Rn,Λk) + ∥dk−1Ek−1P̂ku∥W s,p

res (Rn,Λk) + ∥Ekπku∥W s,p
res (Rn,Λk),

∥dkAku∥W t,p
res (Rn,Λk+1) ≲ ∥dkEkP̂k+1dku+ dkEkπku∥W t,p

res (Rn,Λk+1)

≲ ∥dkEkP̂k+1dku∥W t,p
res (Rn,Λk+1) + ∥dkEkπku∥W t,p

res (Rn,Λk+1).

We address the harmonic terms, using Theorem 3.4 and the fact that πk has finite-dimensional range:

∥Ekπku∥W s,p
res (Rn,Λk) ≲ ∥πku∥W s,p

res (Ω,Λk) ≲ ∥u∥W s,p
res (Ω,Λk),

∥dkEkπku∥W t,p
res (Rn,Λk+1) ≲ ∥Ekπku∥W t+1,p

res (Rn,Λk) ≲ ∥πku∥W t+1,p
res (Ω,Λk) ≲ ∥u∥W s,p

res (Ω,Λk).

Next, we notice

∥dk−1Ek−1P̂ku∥W s,p
res (Rn,Λk) ≲ ∥Ek−1P̂ku∥W s+1,p

res (Rn,Λk−1) ≲ ∥P̂ku∥W s+1,p
res (Ω,Λk−1) ≲ ∥u∥W s,p

res (Ω,Λk).

A similar combination of techniques gives

∥EkP̂k+1dku∥W s,p
res (Rn,Λk) ≲ ∥P̂k+1dku∥W s,p

res (Ω,Λk) ≲ ∥dku∥W s−1,p
res (Ω,Λk+1) ≲ ∥u∥W s,p

res (Ω,Λk),

and

∥dkEkP̂k+1dku∥W t,p
res (Rn,Λk+1) ≲ ∥EkP̂k+1dku∥W t+1,p

res (Rn,Λk)

≲ ∥P̂k+1dku∥W t+1,p
res (Ω,Λk) ≲ ∥dku∥W t,p

res (Ω,Λk+1).

This shows the desired continuity estimates for the Sobolev–Slobodeckij spaces.
The proof of the continuity estimates for Besov spaces and Triebel–Lizorkin spaces of differential forms

is fully analogous. □

Remark 6.2. The exterior derivative of the universal extension operator depends only on the exterior
derivative of the original differential form and its projection onto the universal harmonic complement. The
exact part in the universal regular decomposition does not enter the extension of the exterior derivative.
We point out that on any contractible domain, the harmonic complement vanishes in all degrees except
degree zero, where it corresponds to the constant functions.

6.2. Elements of sheaf theory. The main result of this manuscript will build on sheaf theory, for which
we now give a short overview. Our exposition is inspired by work in global analysis on manifolds [23, 49],
and the reader is referred to the literature for additional background on sheaf theory [64].

Suppose that X is a topological space, whose collection of open sets we denote by O. A sheaf on X
is a collection of vector spaces {F(U)}U∈O together with a family of linear mappings {ρV,U}V,U∈O,V⊆U

such that the following conditions hold:
• If V ⊆ U ∈ O, then we have a linear map ρV,U : F(U) → F(V ).
• For each U ∈ O, we have ρU,U = IdF(U).
• For all U, V,W ∈ O with W ⊆ V ⊆ U , we have

ρW,V ρV,U = ρW,U .
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• If U ∈ O and U = {Ui}i∈I ⊆ O is an open cover of U , and {fi}i∈I , fi ∈ F(Ui), satisfies the
compatibility condition

∀i, j ∈ I : ρUi∩Uj ,Uifi = ρUi∩Uj ,Ujfj ,

then there exists a unique f ∈ F(U) such that ρUi,U (f) = fi for all i ∈ I.
The mappings ρV,U are called restriction operators. We follow the convention of abbreviating f |V :=
ρV,U (f) for any V,U ∈ O with V ⊆ U and f ∈ F(U).

A sheaf homomorphism θ : F → G from a sheaf F to another sheaf G on X is a collection of linear
maps

{θU : F(U) → G(U)}U∈O

that commute with the restriction operators, i.e., ρV,UθU = θV ρV,U for all U, V ∈ O with V ⊆ U . The
support supp(θ) of the sheaf homomorphism is the smallest closed subset outside of which θ restricts to
the trivial homomorphism.

A sheaf is called fine if for each locally finite open cover U = {Ui}i∈I there exists a family of sheaf
homomorphisms {θi : F → F} such that∑

i∈I

θi = Id, ∀i ∈ I : supp(θi) ⊆ Ui.

We emphasize that the last sum is locally finite and hence well-defined. In practice, these families of sheaf
homomorphisms correspond to multiplication by partition-of-unity functions subordinate to the given
local cover.

Suppose that F0,F1,F2, . . . is a sequence of sheaves over the space X and that we have a sequence of
sheaf homomorphisms θk : Fk → Fk+1 such that

θk+1θk = 0.

We have a well-defined diagram

0 −−−−→ F0 θ0

−−−−→ F1 θ1

−−−−→ F2 θ2

−−−−→ . . .(6.5)

that we call a differential complex of sheaves.
The differential complex of sheaves (6.5) is called exact if the following condition is satisfied for all

k ∈ N0: if U ∈ O and f ∈ Fk(U) with θkf = 0, then for each x ∈ U there exists V ∈ O with x ∈ V ⊆ U
and F ∈ Fk−1(V ) such that θk−1(F ) = ρV,U (f).

We consider the sheaf of locally constant functions on the space X that vanish on a fixed subset Γ ⊆ X .
Here, we define

RX ,Γ(U) := {u : U → R | u|U∩Γ = 0, u is locally constant}

for each U ∈ O together with the obvious restriction operators. Note that the restrictions are not
necessarily surjective.

Theorem 6.3. Let X be a Hausdorff topological space, let Γ ⊆ X be a closed subspace. Suppose that
every subspace of X is paracompact, that the topology of X has a base of open sets that are contractible in
X , and that the relative topology of Γ has a base of open sets that are contractible in Γ. If we have an
exact differential complex of sheaves

0 −−−−→ F−1 := RX ,Γ
ı−−−−→ F0 θ0

−−−−→ F1 θ1

−−−−→ F2 θ2

−−−−→ . . .(6.6)

where the sheaves F0,F1,F2, . . . are fine and ı is injective on each open set, then we have vector space
isomorphisms

ker
(
θk : Fk(X ) → Fk+1(X )

)
rng (θk−1 : Fk−1(X ) → Fk(X ))

≃ Hk
sing(X ,Γ,R), k ∈ Z.

Proof. This result is stated in the literature [23, Theorem 5.1], but we outline how to derive it from
available references.

Under the assumptions of the theorem, the diagram (6.6) is a so-called acyclic resolution of the sheaf
RX ,Γ; see [7, Lemma II.3.3], also [19, Satz 4.5.12], [13, Satz 2.17, Satz 3.2]. Therefore, the cohomology
groups of the differential complex of global sections

0 −−−−→ RX ,Γ(X )
ı−−−−→ F0(X )

θ0

−−−−→ F1(X )
θ1

−−−−→ F2(X )
θ2

−−−−→ . . .(6.7)
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are isomorphic to the so-called sheaf cohomology groups of the sheaf RX ,Γ; see [7, Proposition II.2.4],
also [13, Satz 3.5].

The latter cohomology groups can be shown to be isomorphic to the singular cohomology groups of X
relative to Γ with coefficients in the real numbers.b An explicit statement c is found in the textbook by
Bellaïche [10], the textbook by Bellaïche [10], namely Theorem 4.3.15 together with the definitions in
Sections 4.3.1–6 and 4.3.11. In combination, the claimed theorem follows. □

6.3. Aspects of smooth de Rham cohomology. Let Ω be a bounded Lipschitz domain. Let Γ ⊆ ∂Ω
be a relatively open subset of the boundary. We recall that there are topological invariants

b0(Ω,Γ), b1(Ω,Γ), . . . , bn(Ω,Γ),

which are known as the Betti numbers of Ω relative to Γ. The k-th Betti number is the dimension of the
k-th singular cohomology group over the real numbers of Ω relative to the subspace Γ:

bk(Ω,Γ) := dimHk
sing(Ω,Γ,R).(6.8)

The Betti numbers are a standard concept in algebraic topology and reflect topological features of the
domain [64]. The absolute Betti numbers bk(Ω) := bk(Ω, ∅) are more widely discussed in the literature.
For example, b0(Ω) = b0(Ω, ∅) is the number of connected components of Ω. The Betti numbers are
closely related to the cohomology groups of de Rham complexes, which is well-known for the absolute
Betti numbers but deserves some exposition for the relative Betti numbers.

We introduce the vector space C∞(Ω,Γ, V ) ⊆ C∞(Ω, V ) by requiring that each u ∈ C∞(Ω,Γ, V )
satisfies the following condition: every x ∈ Γ has an open neighborhood ωx ⊆ Rn such that the zero
extension of u to ωx (i.e., the function that coincides with u on ωx ∩ Ω and vanishes on ωx \ Ω) belongs
to C∞(ωx, V ). Note that this encodes a boundary condition that is more restrictive than the common
Dirichlet condition: the function and its derivatives of all orders are required to vanish towards Γ.

It follows from the definition that the exterior derivative preserves the boundary condition, so that we
have well-defined mappings

dk : C∞(Ω,Γ,Λk) → C∞(Ω,Γ,Λk+1).

In particular, we have a differential complex

0 → C∞(Ω,Γ,Λ0) −−−−→ C∞(Ω,Γ,Λ1) −−−−→ . . . −−−−→ C∞(Ω,Γ,Λn) → 0.(6.9)

We study the cohomology of the smooth de Rham complex subject to these boundary conditions.

Proposition 6.4. Consider a bounded Lipschitz domain Ω. Let Γ be a union of connected components of
∂Ω. Then the differential complex (6.9) realizes the Betti numbers of Ω relative to Γ on cohomology. In
particular,

dim
ker

(
dk : C∞(Ω,Γ,Λk) → C∞(Ω,Γ,Λk+1)

)
rng (dk−1 : C∞(Ω,Γ,Λk−1) → C∞(Ω,Γ,Λk))

= bk(Ω,Γ).

Proof. Recall that Ω is connected. If Γ = ∅, then b0(Ω, ∅) = 1 and 1Ω ∈ C∞(Ω,Γ,Λ0). If Γ ̸= ∅, then
b0(Ω,Γ) = 0 and 1Ω /∈ C∞(Ω,Γ,Λ0). In order to address the degrees k ≥ 1, we use the elements of sheaf
theory introduced above so that Theorem 6.3 can be applied.

Write X := Ω ∪ Γ. If U ⊆ X is a relatively open set, then U ∩ Γ is relatively open in ∂U , and we can
define

Fk(U) := C∞(U ∩ Ω, U ∩ Γ,Λk).

If U, V ⊆ X are relatively open sets with V ⊆ U , then the restriction yields operators

ρV,U : Fk(U) → Fk(V ).

The families {Fk(U)}U⊆X together with the restriction operators {ρV,U}V⊆U form a sheaf on X .

bWhile this is folklore in sheaf theory, it is surprisingly difficult to find an explicit reference in the literature.
cTheorem 4.3.15 in [10] seems to be stated best with an additional hypothesis, e.g., that the subspace be locally contractible,

too. As a counter example that violates that hypothesis, consider the case X := [0, 1] and Γ := {0, 1, 1/2, 1/3, . . . } and the
cohomologies of X relative to Γ: the first sheaf cohomology equals

⊕∞
i=0 R and the first singular cohomology equals

∏∞
i=0 R.
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We show that the sheaves Fk are fine. Let U = {Ui}i∈I be a locally finite relatively open cover of X .
We can find a family of smooth functions (ϕi)i∈I such that

∀i ∈ I : supp(ϕi) ∩ X ⊆ Ui,∑
i∈I

ϕi ≡ 1 on an open neighborhood of X .

We define sheaf homomorphisms

θi : Fk → Fk, i ∈ I,

by multiplication with the partition-of-unity functions ϕi. It is clear that supp(θi) ⊆ Ui and that∑
i∈I θi = Id. Hence, the sheaves Fk are fine.
Recall the sheaf of locally constant real-valued functions on X that vanish on Γ, which we write as

RX ,Γ. We have a well-defined sheaf homomorphism

ı : RX ,Γ → F0

that gives an injection on each open set.
The exterior derivatives provide sheaf homomorphisms

dk : Fk → Fk+1, k ∈ Z.
We have a differential complex of sheaves

0 → RX ,Γ
ı−−−−→ F0 d0

−−−−→ F1 d1

−−−−→ . . .
dn−1

−−−−→ Fn → 0.(6.10)

Clearly, X is Hausdorff and locally contractible. Since it is a metric space, all its topological subspaces
are paracompact. The subspace Γ is locally contractible. To satisfy the conditions of Theorem 6.3, it
remains to show that (6.10) is an exact complex of sheaves.

Consider now any relatively open set U ⊆ X and let w ∈ Fk(U) with dkw = 0. We want to show that
the closed form w is locally exact, i.e., each p ∈ U admits an open neighborhood on which w is exact.

Recall that any interior point p ∈ Ω is contained within an open ball V ⊆ Ω with positive distance
from ∂Ω. It then follows that the differential complex of sheaves (6.10) gives rise to a local complex on V
that is just the smooth de Rham complex

0 → R ı−−−−→ C∞(V,Λ0)
d0

−−−−→ C∞(V,Λ1)
d1

−−−−→ . . .
dn−1

−−−−→ C∞(V,Λn) → 0.

Here, ı : R → C∞(V,Λ0) denotes the inclusion of constant functions. This differential complex is exact.
Hence, any p ∈ U ∩ Ω admits an open neighborhood V ⊆ U such that w|V is exact.

Consider any point p ∈ U ∩ Γ. Here, we use the Lipschitz property of the domain. Let ωp ⊆ Rn be an
open neighborhood of p such that the extension-by-zero w̃ ∈ C∞(ωp,Λ

k) is a smooth extension of w on
ωp. Lemma 5.5 establishes that every open neighborhood of p contains a convex Lipschitz chart domain
V with

p ∈ V ⊆ ωp, V ∩ X ⊆ ωp,

and V \ X is star-shaped with respect to a ball B ⊆ V \ X . Let b0 ∈ Rn denote the center of that ball.
We recall the classical homotopy operator Pk

b0
: C∞(V,Λk) → C∞(V,Λk−1) with pivot at b0. Write

ξ̃ := Pk
b0
w̃ ∈ C∞(V,Λk−1). It is clear that dk−1ξ̃ = w̃. In addition, ξ̃|V \Ω = 0 by construction of the

homotopy operator, which implies ξ := ξ̃|V ∩Ω ∈ C∞(V ∩ Ω, V ∩ Γ,Λk−1) with dk−1ξ = w.
We have verified the conditions of Theorem 6.3. Thus,

dim
ker

(
dk : C∞(Ω,Γ,Λk) → C∞(Ω,Γ,Λk+1)

)
rng (dk−1 : C∞(Ω,Γ,Λk−1) → C∞(Ω,Γ,Λk))

= bk(Ω ∪ Γ,Γ) = bk(Ω,Γ).

The last identity holds because the pairs (X ,Γ) and (Ω,Γ) are homotopy-equivalent [64, 2.4.2, 2.4.3].
This completes the proof. □

We recall the existence of a collar neighborhood along the boundary of a Lipschitz domain.

Lemma 6.5. Let Ω ⊆ Rn be a bounded Lipschitz domain. Then there exists an embedding

Φ : ∂Ω× [0, 1] → Rn \ Ω
that is bi-Lipschitz onto its image and satisfies

∀x ∈ ∂Ω : Φ(x, 0) = x.

Moreover, for each s ∈ (0, 1], the open set Ω ∪Φ(∂Ω× [0, s)) is a domain with smooth boundary Φ(∂Ω, s).
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Proof. We use a result by Ball and Zarnescu [6, Theorem 5.1, Remark 5.1]; see also [15, Theorem 8.3,
Theorem 8.8] for further discussion. For every ϵ > 0 small enough, there exists a bi-Lipschitz map
Fϵ : Rn → Rn such that Fϵ is a diffeomorphism on Rn \ ∂Ω, such that Ωϵ := Fϵ(Ω) is a bounded domain
with smooth boundary, and Fϵ(x) = x for all x ∈ Rn with dist(x, ∂Ω) > ϵ. Notice that ∂Ωϵ = Fϵ(∂Ω) is
therefore a smooth hypersurface.

Fix ϵ > 0 small enough. By standard results in differential geometry, there exists an embedding of
manifolds with boundary Φϵ : ∂Ωϵ × [0, 1] → Rn \ Ωϵ that satisfies Φϵ(x, 0) = x for all x ∈ ∂Ωϵ. One can
show that Φϵ is bi-Lipschitz onto its image.

We define Φ : ∂Ω× [0, 1] → Rn \ Ω by setting

Φ(x, t) := F−1
ϵ (Φϵ(Fϵ(x), t)) , x ∈ ∂Ω, t ∈ [0, 1].

This is the required transformation. □

For the bounded Lipschitz domain Ω ⊆ Rn, we fix some bi-Lipschitz embedding Φ as in Lemma 6.5
and define

Ω̃ := Ω ∪ Φ(∂Ω, [0, 1)), NΩ := Φ(∂Ω, (0, 1)).

We recall that Ω̃, which we henceforth refer to as the extended domain, is a Lipschitz domain with
boundary Φ(∂Ω, 1), as in the statement of the preceding lemma, and that NΩ is a finite union of pairwise
disjoint Lipschitz domains with pairwise positive distance. Furthermore, ∂NΩ consists of two disjoint
compact sets, namely Φ(∂Ω, 0) = ∂Ω and Φ(∂Ω, 1). We study the smooth de Rham complex on NΩ
subject to boundary conditions along ∂Ω.

Proposition 6.6. The de Rham complex

0 → C∞(NΩ, ∂Ω,Λ0)
d0

−−−−→ C∞(NΩ, ∂Ω,Λ1)
d1

−−−−→ . . .
dn−1

−−−−→ C∞(NΩ, ∂Ω,Λn) → 0

is exact. In particular, the Betti numbers of NΩ relative to ∂Ω vanish:

bk(NΩ, ∂Ω) = dim
ker

(
dk : C∞(NΩ, ∂Ω,Λk) → C∞(NΩ, ∂Ω,Λk+1)

)
rng (dk−1 : C∞(NΩ, ∂Ω,Λk−1) → C∞(NΩ, ∂Ω,Λk))

= 0.

Proof. Taking into account Proposition 6.4 for each connected component of NΩ, it only remains for us
to show bk(NΩ, ∂Ω) = 0. To that end, we define a mapping Θ : NΩ× [0, 1] → NΩ by setting

Θ(Φ(x, t), s) := Φ(x, st), x ∈ ∂Ω, s, t ∈ [0, 1].

Then Θ is continuous, and for all x ∈ ∂Ω and s, t ∈ [0, 1] we have

Θ(Φ(x, t), 1) := Φ(x, t), Θ(Φ(x, t), 0) := x, Θ(x, s) := x.

This means that Θ is a strong deformation retraction of NΩ onto ∂Ω, which means that these two
topological spaces are homotopy-equivalent [64, 2.4.1, 2.4.3]. It then follows that the embedding of ∂Ω
into NΩ induces an isomorphism on the singular cohomology groups, and hence the Betti numbers of NΩ
relative to ∂Ω must be trivial: bk(NΩ, ∂Ω) = 0 for all k ∈ Z. This shows the desired result. □

This has prepared the following auxiliary lemma. It concerns the closed smooth extension of closed
smooth differential forms.

Lemma 6.7. Let Ω be a bounded Lipschitz domain and let Ω̃ be a collar extension with respect to a
boundary collar. If u ∈ C∞(Ω,Λk) with dku = 0, then there exists ue ∈ C∞(Ω̃,Λk) with dkue = 0 and
ue|Ω = u.

Proof. Let u ∈ C∞(Ω,Λk) with dku = 0. By Theorem 3.4, there exists w ∈ C∞(Ω̃,Λk) with w|Ω = u.
This implies dkw|Ω = 0. In particular, all derivatives of any order of dkw vanish at ∂Ω, which means that

dkw ∈ C∞(NΩ, ∂Ω,Λk+1).

By Proposition 6.6, there exists v ∈ C∞(NΩ, ∂Ω,Λk) such that dkv = dkw on NΩ. We extend v trivially
onto Ω and call that extension ṽ. Because the derivatives of v vanish at ∂Ω, this gives ṽ ∈ C∞(Ω̃,Λk)
with dkṽ = dkw. Define ue := w − ṽ. By construction,

ue|Ω = u, dkue = 0.

This proves the desired statement. □
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Corollary 6.8. Let Ω ⊆ Rn be a bounded Lipschitz domain. Then there exists a Lipschitz domain EΩ with
Ω ⋐ EΩ such that the following holds. If u ∈ C∞(Ω,Λk) with dku = 0, then there exists ue ∈ C∞(EΩ,Λk)
with dkue = 0 and ue|Ω = u.

Proof. Since Ω is a Lipschitz domain, Lemma 6.5 gives a boundary collar Φ : ∂Ω× [0, 1] → Rn by which
we extend Ω to another Lipschitz domain Ω̃. Moreover, EΩ := Ω ∪ Φ(∂Ω, [0, 1/2)) is a bounded domain
with smooth boundary Φ(∂Ω, 1/2) and Ω ⋐ EΩ ⋐ Ω̃. If u ∈ C∞(Ω,Λk) with dku = 0, then there exists
ue ∈ C∞(Ω̃,Λk) with dkue = 0 and ue|Ω = u. Since EΩ ⋐ Ω̃, we have ue|EΩ ∈ C∞(EΩ,Λk). □

6.4. Universal commuting extension of differential forms. After this excursion, we return to the
construction of extension operators for de Rham complexes. We address the second objective of the
manuscript, which is the construction of a universal extension operator onto the extended domain that
commutes with the exterior derivative. The main difference to Theorem 6.1 is how the extension operator
acts on the harmonic complement.

Theorem 6.9. Let Ω ⊆ Rn be a bounded Lipschitz domain. Then there exists a bounded Lipschitz domain
EΩ with Ω ⋐ EΩ such that the following holds. We have linear continuous operators

Ak
d : S ′(Ω,Λk) → S ′(EΩ,Λk), k ∈ Z,(6.11)

such that for all u ∈ S ′(Ω,Λk) we have

(Ak
du)|Ω = u, Ak+1

d dku = dkAk
du.

Moreover, we have continuous operators

Ak
d : C∞(Ω,Λk) → C∞(EΩ,Λk),(6.12)

Ak
d : W s,p

res (Ω,Λ
k) → W s,p

res (EΩ,Λ
k), s ∈ R, 1 < p < ∞,(6.13)

Ak
d : Bs

p,q(Ω,Λ
k) → Bs

p,q(EΩ,Λ
k), s ∈ R, 1 < p < ∞, 1 < q < ∞,(6.14)

Ak
d : F s

p,q(Ω,Λ
k) → F s

p,q(EΩ,Λ
k), s ∈ R, 1 < p < ∞, 1 < q < ∞.(6.15)

Proof. Suppose that η1, . . . , ηL ∈ C∞(Ω,Λk) form a basis of the finite-dimensional harmonic complement
Hk(Ω). Using Corollary 6.8, we can find closed extensions ηe1, . . . , η

e
L ∈ C∞(EΩ,Λk) of the basis elements

of the harmonic complement. By linear extension, this defines a continuous linear operator

Ek
H : Hk(Ω) → C∞(EΩ,Λk),

such that

∀η ∈ Hk(Ω) : Ek
Hη|Ω = η, ∀η ∈ Hk(Ω) : dkEk

Hη = 0.

We define the universal commuting extension operator by

Ak
du := (dk−1Ek−1P̂ku)|EΩ + Ek

Hπku+ (EkP̂k+1dku)|EΩ.

The continuity conditions (6.11) and (6.12) follow from Theorems 3.4 and 5.10. Throughout the proof,
let u ∈ S ′(Ω,Λk). To show the extension property, we observe

(Ak
du)|Ω = (dk−1Ek−1P̂ku)|Ω + (Ek

Hπku)|Ω + (EkP̂k+1dku)|Ω
= dk−1(Ek−1P̂ku)|Ω + (Ek

Hπku)|Ω + (EkP̂k+1dku)|Ω
= dk−1P̂ku+ πku+ P̂k+1dku = u.

The last equality is the homotopy identity in Theorem 5.10.
To prove the commuting property, we compute

dkAk
du = dkdk−1Ek−1P̂ku+ dkEk

Hπku+ dkEkP̂k+1dku

= dkEkP̂k+1dku

= dkEkP̂k+1dku+ Ek+1
H πk+1dku+ Ek+1P̂k+2dk+1dku = Ak+1

d dku.

It remains to prove the other continuity properties. We begin with the Sobolev–Slobodeckij scale. Let
s ∈ R and p ∈ (1,∞). In what follows, we write A ≲ B if A ≤ CB holds with a constant C ≥ 0 that only
depends on Ω, p, and s.
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From the definition of the extension operator,

∥Ak
du∥W s,p

res (EΩ,Λk) ≲ ∥EkP̂k+1dku+ dk−1Ek−1P̂ku+ Ek
Hπku∥W s,p

res (EΩ,Λk)

≲ ∥EkP̂k+1dku∥W s,p
res (EΩ,Λk) + ∥dk−1Ek−1P̂ku∥W s,p

res (EΩ,Λk) + ∥Ek
Hπku∥W s,p

res (EΩ,Λk).

We address the harmonic terms, using Theorem 3.4 and the fact that πk has finite-dimensional range:

∥Ek
Hπku∥W s,p

res (EΩ,Λk) ≲ ∥πku∥W s,p
res (Ω,Λk) ≲ ∥u∥W s,p

res (Ω,Λk).

Next, we notice

∥dk−1Ek−1P̂ku∥W s,p
res (EΩ,Λk) ≲ ∥Ek−1P̂ku∥W s+1,p

res (EΩ,Λk−1) ≲ ∥P̂ku∥W s+1,p
res (Ω,Λk−1) ≲ ∥u∥W s,p

res (Ω,Λk).

A similar combination of techniques gives

∥EkP̂k+1dku∥W s,p
res (EΩ,Λk) ≲ ∥P̂k+1dku∥W s,p

res (Ω,Λk) ≲ ∥dku∥W s−1,p
res (Ω,Λk+1) ≲ ∥u∥W s,p

res (Ω,Λk).

This shows the desired continuity estimates for the Sobolev–Slobodeckij spaces.
The proof of the continuity estimates for Besov spaces and Triebel–Lizorkin spaces of differential forms

is fully analogous. □

Remark 6.10. The closed extensions of the harmonic complement via Lemma 6.7 rely on smooth correction
terms that not only ensure that the extension is closed but also are localized in the boundary collar so as
not to disturb the extension property.

Theorem 6.11. Let Ω ⊆ Rn be a bounded Lipschitz domain. There exists a family of linear maps

Mk
ϵ : S ′(Ω,Λk) → C∞(Ω,Λk), ϵ > 0, k ∈ Z,(6.16)

such that

dkMk
ϵu = Mk+1

ϵ dku, u ∈ S ′(Ω,Λk), k ∈ Z,
and the following holds.

We have the following continuity and convergence properties:

Mk
ϵ : S ′(Ω,Λk) → S ′(Ω,Λk), u ∈ S ′(Ω,Λk) =⇒ lim

ϵ→0
Mk

ϵu = u in S ′(Ω,Λk),

Mk
ϵ : C∞(Ω,Λk) → C∞(Ω,Λk), u ∈ C∞(Ω,Λk) =⇒ lim

ϵ→0
Mk

ϵu = u in C∞(Ω,Λk).

The following boundedness and convergence conditions hold:
• If s ∈ R and p ∈ (1,∞), then

u ∈ W s,p
res (Ω,Λ

k) =⇒
{

∥Mk
ϵu∥W s,p

res (Ω,Λk) ≲ ∥u∥W s,p
res (Ω,Λk)

limϵ→0 ∥Mk
ϵu− u∥W s,p

res (Ω,Λk) = 0
.

• If s ∈ R and p, q ∈ (1,∞), then

u ∈ Bs
p,q(Ω,Λ

k) =⇒

{
∥Mk

ϵu∥Bs
p,q(Ω,Λk) ≲ ∥u∥Bs

p,q(Ω,Λk)

limϵ→0 ∥Mk
ϵu− u∥Bs

p,q(Ω,Λk) = 0
.

• If s ∈ R and p, q ∈ (1,∞), then

u ∈ F s
p,q(Ω,Λ

k) =⇒

{
∥Mk

ϵu∥F s
p,q(Ω,Λk) ≲ ∥u∥F s

p,q(Ω,Λk)

limϵ→0 ∥Mk
ϵu− u∥F s

p,q(Ω,Λk) = 0
.

The constants implicit in ≲ are independent of ϵ and only depend on Ω and the relevant parameters s, p, q.

Proof. The theorem follows from combining the standard mollification operator with the commuting
universal extension operator of Theorem 6.9. Let Ak

d be the universal extension operator of Theorem 6.9.
Let ϑ ∈ C∞

c (Rn,R) be a standard mollifier, that is, ϑ ≥ 0,
∫
Rn ϑ = 1, and supp(ϑ) ⊆ B(0, 1). For any

ϵ > 0 and x ∈ Rn, we define the scaled mollifier ϑϵ(x) := ϵ−nϑ(x/ϵ). We define the global smoothing
operator by

Skϵu := ϑϵ ⋆ u, u ∈ S ′(Rn,Λk).

We notice that dkSkϵu = Sk+1
ϵ dku for all u ∈ S ′(Rn,Λk).

Write δ := dist(Ω,Rn \ EΩ) and assume that ϵ ∈ (0, δ). Then the locality of the global smoothing
operator shows that we have a well-defined operator

SkΩ,ϵ : S ′(EΩ,Λk) → S ′(Ω,Λk).
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We define the mollification operator by applying the global smoothing to the universal extension and
then restricting back to the domain:

Mk
ϵu := (SkΩ,ϵ ◦Ak

du), u ∈ S ′(Ω,Λk).

All claimed properties of the mollification operator now follow from Theorem 6.9 and the standard
properties of convolution with a mollifier. This constructs the operator for ϵ > 0 small enough, which
gives the statement of the theorem. □

Remark 6.12. Theorem 6.11 is restricted to p, q < ∞ for simplicity of exposition. We refer to the
literature [57, Section 2.1.3] for background on the general case.

The main application is the following. On any open set Ω ⊆ Rn, we define

Ws,t,p(Ω,Λk) :=
{
u ∈ W s,p

res (Ω,Λ
k)

∣∣ du ∈ W t,p
res (Ω,Λ

k+1)
}
, p ∈ (1,∞), s ∈ R, t ∈ [s− 1,∞).

This is a Banach space with the norm

∥u∥Ws,t,p(Ω,Λk) := ∥u∥W s,p
res (Ω,Λk) + ∥du∥W t,p

res (Ω,Λk+1).

It describes Sobolev differential forms whose exterior derivative shows additional smoothness. If Ω ⊆ R3

is a three-dimensional domain, then we set

Ws,t,p(Ω, curl) :=
{
u ∈ W s,p

res (Ω,R3)
∣∣ curlu ∈ W t,p

res (Ω,R3)
}
,

Ws,t,p(Ω,div) :=
{
u ∈ W s,p

res (Ω,R3)
∣∣ div u ∈ W t,p

res (Ω,R)
}
,

where p ∈ (1,∞) and s, t ∈ R with t ≥ s− 1. These spaces of three-dimensional vector fields are equipped
with the obvious norms and are special cases of Ws,t,p(Ω,Λk).

The results in this manuscript allow the following smooth approximation. We use Theorem 6.11 but
the result can also be derived similarly by Theorem 6.1.

Proposition 6.13. Let Ω ⊆ Rn be a bounded Lipschitz domain. Let p ∈ (1,∞) and s, t ∈ R with t ≥ s−1.
Then we have a dense inclusion

C∞(Ω,Λk) ⊆ Ws,t,p(Ω,Λk).

If n = 3, then we have dense inclusions

C∞(Ω,R3) ⊆ Ws,t,p(Ω, curl), C∞(Ω,R3) ⊆ Ws,t,p(Ω,div).

Proof. This immediately follows from Theorem 6.11. □

7. Examples in vector calculus

We present the main results of this section in the language of vector calculus on domains, and for the
special case of Sobolev–Slobodeckij spaces, defined in terms of weak derivatives and Gagliardo seminorms.

Throughout this section, Ω ⊆ R3 denotes a bounded Lipschitz domain. Recall the Lebesgue spaces of
scalar fields Lp(Ω) := Lp(Ω,R) and vector fields Lp(Ω) := Lp(Ω,R3). For non-negative σ ≥ 0, we define
the corresponding Sobolev–Slobodeckij spaces

Wσ
p (Ω) := Wσ

p (Ω,R), Wσ
p (Ω) := Wσ

p (Ω,R3).

Spaces of vector fields with non-standard smoothness are an intrinsic feature of vector calculus. Given
1 < p < ∞ and σ, τ ∈ R+

0 with τ ≥ σ − 1, we define the spaces

Wσ,τ
p (Ω, curl) :=

{
u ∈ Wσ

p (Ω)
∣∣ curlu ∈ Wτ

p(Ω)
}
,

Wσ,τ
p (Ω,div) :=

{
u ∈ Wσ

p (Ω)
∣∣ div u ∈ W τ

p (Ω)
}
.

These spaces are equipped with the obvious norms

∥u∥Wσ,τ
p (Ω,curl) := ∥u∥Wσ

p (Ω) + ∥ curlu∥Wτ
p(Ω), ∥u∥Wσ,τ

p (Ω,div) := ∥u∥Wσ
p (Ω) + ∥ div u∥W τ

p (Ω).

Moreover, these spaces constitute a differential complex. If 1 < p < ∞ and ρ, σ, τ ∈ R+
0 with σ ≥ ρ− 1

and τ ≥ σ − 1, then this differential complex takes the form

W ρ+1
p (Ω)

grad−−−−→ Wρ,σ
p (Ω, curl)

curl−−−−→ Wσ,τ
p (Ω,div)

div−−−−→ W τ
p (Ω).
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As a common base space that contains all the preceding classes of scalar and vector fields, we define the
restriction spaces of tempered distributions with values in scalars and vectors. This ultimately simplifies
the exposition. We define

S ′(Ω) := S ′(Ω,R), S ′(Ω)3 := S ′(Ω,R3).

Accordingly, we have a differential complex

S ′(Ω)
grad−−−−→ S ′(Ω)3

curl−−−−→ S ′(Ω)3
div−−−−→ S ′(Ω).

Earlier in this manuscript, we have reviewed the potential operators of Costabel and McIntosh. For
completeness of exposition, we summarize the properties of these operators explicitly, including their
behavior on spaces of vector fields.

Theorem 7.1. Let Ω ⊆ R3 be a bounded Lipschitz domain. There exist linear continuous operators

Pgrad : S ′(Ω)3 → S ′(Ω), Pcurl : S ′(Ω)3 → S ′(Ω)3, Pdiv : S ′(Ω) → S ′(Ω)3,

and continuous operators with finite-dimensional range

Kgrad : S ′(Ω) → C∞(Ω), Kcurl : S ′(Ω)3 → C∞(Ω)3, Kdiv : S ′(Ω)3 → C∞(Ω)3.

In addition, the following homotopy identities hold:

∀u ∈ S ′(Ω) : u = Pgrad gradu+Kgradu,

∀u ∈ S ′(Ω)3 : u = Pcurl curlu+ gradPgradu+Kcurlu,

∀u ∈ S ′(Ω)3 : u = Pdiv div u+ curlPcurlu+Kdivu,

∀u ∈ S ′(Ω) : u = divPdivu.

For any 1 < p, q < ∞ and σ, τ ≥ 0, the following operators are compact

Kgrad : Wσ
p (Ω) → W τ

q (Ω), Kcurl : Wσ
p (Ω) → Wτ

q (Ω), Kdiv : Wσ
p (Ω) → Wτ

q (Ω).

In addition, if 1 < p < ∞ and σ, τ ∈ R+
0 with τ ≥ σ − 1, then we have the following continuity properties:

Pgrad : Wσ,τ
p (Ω, curl) → Wσ+1

p (Ω),

Pcurl : Wσ,τ
p (Ω,div) → Wσ+1,σ

p (Ω, curl),

Pdiv : Wσ
p (Ω) → Wσ+1,σ

p (Ω,div).

We have introduced the commuting extension operators. These have the following specialization to
vector calculus.

Theorem 7.2. Let Ω ⊆ R3 be a bounded Lipschitz domain. Then there exists a bounded Lipschitz domain
EΩ with Ω ⋐ EΩ such that the following holds. We have linear continuous operators

A
grad
d : S ′(Ω) → S ′(EΩ), Acurl

d : S ′(Ω)3 → S ′(EΩ)3,

Adiv
d : S ′(Ω)3 → S ′(EΩ)3, A0

d : S ′(Ω) → S ′(EΩ),

such that for all u in the respective spaces we have

(Agrad
d u)|Ω = u, (Acurl

d u)|Ω = u, (Adiv
d u)|Ω = u, (A0

du)|Ω = u,

and we have

∀u ∈ S ′(Ω) : Acurl
d (gradu) = grad(Agrad

d u),

∀u ∈ S ′(Ω)3 : Adiv
d (curlu) = curl(Acurl

d u),

∀u ∈ S ′(Ω)3 : A0
d(div u) = div(Adiv

d u).

In addition, if 1 < p < ∞ and σ, τ ∈ R+
0 with τ ≥ σ − 1, then we have continuous operators

A
grad
d : Wσ

p (Ω) → Wσ
p (EΩ),

Acurl
d : Wσ,τ

p (Ω, curl) → Wσ,τ
p (EΩ, curl),

Adiv
d : Wσ,τ

p (Ω,div) → Wσ,τ
p (EΩ,div),

A0
d : Wσ

p (Ω) → Wσ
p (EΩ).
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As a result, we have commuting mollification operators for these de Rham complexes. These smoothing
operators converge to the identity in the strong operator topology, which shows that smooth fields are
dense in the spaces of non-standard regularity.

Theorem 7.3. Let Ω ⊆ R3 be a bounded Lipschitz domain. There exists a family of linear maps

Mgrad
ϵ : S ′(Ω) → C∞(Ω), Mcurl

ϵ : S ′(Ω)3 → C∞(Ω)3,

Mdiv
ϵ : S ′(Ω)3 → C∞(Ω)3, M0

ϵ : S ′(Ω) → C∞(Ω),

indexed over ϵ > 0, such that the following commuting properties hold:

∀u ∈ S ′(Ω) : grad(Mgrad
ϵ u) = Mcurl

ϵ (gradu),

∀u ∈ S ′(Ω)3 : curl(Mcurl
ϵ u) = Mdiv

ϵ (curlu),

∀u ∈ S ′(Ω)3 : div(Mdiv
ϵ u) = M0

ϵ(div u).

If 1 < p < ∞ and σ, τ ∈ R+
0 with τ ≥ σ − 1, then we have continuous operators

Mgrad
ϵ : Wσ

p (Ω) → Wσ
p (Ω),

Mcurl
ϵ : Wσ,τ

p (Ω, curl) → Wσ,τ
p (Ω, curl),

Mdiv
ϵ : Wσ,τ

p (Ω,div) → Wσ,τ
p (Ω,div),

M0
ϵ : Wσ

p (Ω) → Wσ
p (Ω).

If 1 < p < ∞ and σ, τ ∈ R+
0 with τ ≥ σ − 1, then we have dense inclusions

C∞(Ω) ⊆ Wσ
p (Ω), C∞(Ω)3 ⊆ Wσ,τ

p (Ω, curl), C∞(Ω)3 ⊆ Wσ,τ
p (Ω,div),

and the mollification operators converge strongly to the identity in the respective norms as ϵ goes to zero.

Lastly, we point out a reformulation in vector calculus of our extension result on smooth forms.

Proposition 7.4. Let Ω ⊆ R3 be a bounded Lipschitz domain. Then there exists a Lipschitz domain EΩ
with Ω ⋐ EΩ such that the following holds.

• If u ∈ C∞(Ω)3 with curlu = 0, then there exists ue ∈ C∞(EΩ)3 with curlue = 0 and ue|Ω = u.
• If u ∈ C∞(Ω)3 with div u = 0, then there exists ue ∈ C∞(EΩ)3 with div ue = 0 and ue|Ω = u.
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