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Abstract. The minimum solid angle of a simplex is shown to be a shape measure in any dimension.
While this has been known in dimensions two and three, the higher-dimensional generalization is new. We
prove inequalities between the minimum solid angle of a non-degenerate simplex and its fullness. Up to
dimension-dependent constants, the fullness is bounded from above by the minimum solid angle and from
below by the square of the minimum solid angle. The exponents are optimal for three and higher dimensions.
This work therefore generalizes the minimum angle condition. We also review several simplex shape measures
and their relationships.

1. Introduction

How to measure the quality of triangulations has been studied extensively throughout the mathematical
and quantitative sciences. Intuitively, some triangles and tetrahedra are more regular or well-shaped than
others. Shape measures formalize and quantify the quality of such shapes. Examples of such shape measures
include the aspect ratio and the fullness of a simplex. Beyond triangles and tetrahedra, shape quality
indicators evaluate simplices in higher dimensions. In this note, we show that the minimum solid angle is a
simplicial shape measure, polynomially comparable to the aspect ratio and the fullness. While this has been
known for triangles and tetrahedra, the generalization to simplices of arbitrary dimension seems to have been
absent from the literature up to now.

Notions of shape measures appear throughout the mathematical literature. Shape measures associate a
real number to a simplex, continuous in the coordinates of the vertices and invariant under reflection, rotation,
translation, and positive scaling. They are also independent of the order of the vertices. For example, an
n-dimensional simplex S with diameter δS , volume VS , and inradius rS has the aspect ratio αS := rS/δS
and the fullness µS := VS/δ

n
S . Clearly, the aspect ratio and the fullness are invariant under orthogonal

transformations, translations, and positive rescaling of simplices. If the simplex shows any type of degeneracy,
then the shape measures deteriorate, but if the simplex has a regular shape, then the shape measures remain
at values close to the optimum.

In two dimensions, the minimum angle γmin of a triangle S is a shape measure. It is easy to verify that
this shape measure is equivalent to the fullness, in the sense that

1
4γmin ≤ µS ≤ 1

2γmin.

It is less elementary how this shape measure generalizes to tetrahedra or higher-dimensional simplices. For
example, neither a tetrahedron’s minimum angle within the faces nor its minimum dihedral angle between
faces along an edge would be adequate as a shape measure to detect all tetrahedron degeneracies; see Figure 1.
The natural generalization of the minimum angle of a triangle is the minimum solid angle at the vertices of a
simplex.

The classical angle between two linearly independent unit vectors in the plane is the length of the shorter
arc on the unit circle connecting them. Solid angles generalize this idea to any dimension. The solid angle
of three linearly independent unit vectors in three-dimensional Euclidean space is the surface area of the
spherical triangle spanned by those three vectors. In general, the solid angle of n vectors x1, . . . , xn in Rn is
the (n− 1)-dimensional measure

Ω(x1, . . . , xn) := Hn−1(cone{x1, . . . , xn} ∩ Ŝn−1),
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where cone{x1, . . . , xn} :=
∑n

i=1R
+
0 · xi is the convex cone spanned by x1, . . . , xn and Ŝn−1 denotes the unit

sphere of dimension n− 1. If x1, . . . , xn are linearly independent unit vectors, then their solid angle equals
the measure of the spherical simplex with vertices x1, . . . , xn. Given a simplex with vertices v0, . . . , vn ∈ Rn,
the solid angle at the vertex vi is defined as

Ωi := Ω(v0 − vi, . . . , vi−1 − vi, vi+1 − vi, . . . , vn − vi).

We examine the minimum solid angle as a simplex shape measure in any dimension. Clearly, the solid angles
remain invariant under reflection, rotation, translation, and positive scaling. Well-shaped simplices have large
solid angles: the minimum solid angle is bounded from below by fullness of the simplex, up to a dimension-
dependent constant. The converse has not been established yet in the literature for higher dimensions; it is
easily seen in two dimensions, and Liu and Joe have have proven it in three dimensions [19], a considerably
more delicate inequality. Generalizing previous work, we show that simplices in any dimension with large
solid angles are also well-shaped. We provide polynomial inequalities with explicit dimension-dependent
constants and demonstrate that the exponents are optimal.

The main result is the following theorem.

Theorem 1.1. Let S be an n-dimensional simplex, n ≥ 2, with diameter δS, volume VS, and minimum solid
angle ΩS. Write Γ for the gamma function. Then

C−1
n Ω2

S ≤ µS ≤ 1
nΩS , Cn := nπ

n−1
2

n−2∑
ℓ=1

(
n−1
ℓ

)2Γ( ℓ+1
2 )Γ(n−ℓ

2 )

Γ(n2 )
2

+
2nπ

n
2

(n+ 1)Γ(n2 )
.(1.1)

In the case n = 3, we additionally have(
12 + 3π

)−1
Ω2

S ≤ µS ≤ 1
3ΩS .(1.2)

In dimension three or more, the exponents are optimal.

We briefly review how shape measures are used in different areas of mathematics, engineering, and natural
sciences, both in application-oriented and theoretical endeavors.

Some shape measures appear throughout geometric analysis and differential geometry. The fullness of an
n-dimensional simplex compares its n-dimensional measure against the n-th power of its diameter [28], and
the thickness of a simplex is the ratio of its smallest height to its diameter [20, 8].

Several shape measures have been proposed throughout the literature of computational geometry and
numerical analysis to quantify the quality of simplices [19, 7]. One example is the ratio of the diameter to
the radius of the largest inscribed sphere of a simplex, sometimes known as the chunkiness parameter (see [5,
p. 97, Definition (4.2.16)] and [10, Definition 11.2]). Algebraic shape measures are very natural mesh quality
indicators for the error analysis of numerical methods: simplices are associated with the affine transformations
from regular reference simplices, and their shape quality can therefore be assessed through the properties
of the corresponding Jacobian matrices. For example, the spectral condition number of such an affine
transformation’s Jacobian is a shape measure. While the minima for either face angles or for dihedral angles
in a tetrahedron alone are not adequate shape measures, the minima of both face and dihedral angles is a
shape measure [2]. Naturally, none of these shape measures depend on the orthogonal coordinate system and
the units of distance.

Tetrahedral meshes are widely used in the computational solution of partial differential equations by the
finite element method, which is a staple in computational engineering. Ensuring that the tetrahedra are well-
shaped is a central problem for the initial mesh generation and for driving adaptive mesh refinement: poorly
shaped tetrahedra can adversely affect the discretization errors of the numerical methods, the conditioning
of numerical problems, and the accuracy and stability of the numerical solvers. We refer to the literature
for overviews on triangular and tetrahedral shape measures [7, 2, 6]. Beyond three dimensions, space-time
methods [22, 27] posed on four-dimensional simplicial meshes give us reason to study shape measures in higher
dimensions. This manuscript establishes that a family of simplicial meshes in any dimension is shape-regular
if and only if the minimum solid angles among all the simplices have a common lower bound.

The notion of solid angle has been known at least since Euclid’s Elements [21]. The connection to spherical
geometry in three or more dimensions has been established over the past centuries [14, 11, 25, 26]. Formulas
for solid angles exist in the three-dimensional case, yet no exact elementary expressions in terms of the vector
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Figure 1. Representative examples of simplices degenerating as ϵ → 0. Left: triangles
degenerate to a line. Middle: a needle tetrahedron degenerating to a single line. Right:
tetrahedra degenerating to a triangle (top, pyramid) or a quadrilateral (bottom, sliver).
Tetrahedra may degenerate even if dihedral or face angles remain bounded from above and
below, but the degeneracy is detected by the minimum solid angle.

coordinates are known in higher dimensions [9, 15, 24]. Solid angles can be expressed in terms of integrals
of multivariate Gaussian probability distributions over the positive orthant. Whilst not as commonplace
as planar angles, solid angles have remained a staple in several disciplines of engineering and science. The
minimum angle is easily seen to be a shape measure for triangles, and the minimum solid angle is a shape
measure for tetrahedra [19, 3]. We generalize these observations to arbitrary dimension.

The remainder of this manuscript has the following structure. Section 2 reviews common simplex shape
measures and relationships between them. Section 3 defines solid angles and discusses the gnomonic projection.
Section 4 shows that the minimum solid angle is a shape measure of simplices in dimension three and higher.

Notation. When the dimension n is understood, e1, . . . , en ∈ Rn are the standard orthonormal basis vectors.
Write 1n and 0n for the n-dimensional vectors whose entries are all equal to 1 or 0, respectively. Idm×n is
the m× n matrix whose diagonal entries equal 1 and whose off-diagonal entries are zero. Set Idn := Idn×n.

Given x ∈ Rn and r > 0, let B(x, r) be the n-dimensional open ball around x of radius r, and let S(x, r)
be the sphere of dimension n− 1 around x of radius r. Write B̂n := B(0n, 1) and Ŝn−1 := S(0n, 1) for the
unit ball and the unit sphere in Rn, respectively. Write |B̂n| := Hn(B̂n) and |Ŝn−1| := Hn−1(Ŝn−1) for their
respective measures. We adopt the convention that the zero-dimensional measure of a point is one, and that
the measures are understood in the Hausdorff sense.

Set R+ := (0,∞) and R+
0 := [0,∞). If a1, . . . , am are vectors, then span{a1, . . . , am} is their linear hull,

cone{a1, . . . , am} :=
∑m

i=1R
+
0 · ai denotes their cone (conal hull), and convex{a1, . . . , am} is their convex hull.

2. Simplices and shape measures

A simplex of dimension n is the convex hull of n+ 1 affinely independent points within Euclidean space.
These n+ 1 points are the vertices of the simplex. By definition, no vertex is a convex combination of the
others. A simplex is called regular if all its edges have the same length. We henceforth assume that n ≥ 1.

Suppose that S is an n-dimensional simplex with vertices v0, . . . , vn. We write δS for its diameter, and we
write VS for its n-dimensional volume. The outer radius ϱS of the simplex S is the minimum radius of any
closed ball containing the simplexa. The inradius rS of the simplex S is the maximum radius of any closed
ball (within the affine hull of S) contained in the simplex. The height of the i-th vertex is the distance from vi
to the affine hull of v0, . . . , vi−1, vi+1, . . . , vn. Let νS be the smallest among the heights of the n+ 1 vertices.

We work with several shape measures. The aspect ratio αS , the thickness τS , the radius ratio βS , and the
fullness µS are

αS :=
rS
δS

, τS :=
νS
δS

, βS :=
rS
ϱS

, µS :=
VS

δnS
.

aWe distinguish the outer radius of S from its circumradius, which is the radius of the unique sphere in the affine hull of S
that includes all its vertices.
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All these measures describe how close a simplex is to being degenerate. To compare these measures, we first
recall several elementary geometric identities. For tighter inequalities, some extremal properties of the regular
simplex are collected.

Proposition 2.1. Let S be an n-dimensional simplex.

• If δS = 1, then ϱS ≤ CJ,n :=
√

n
2(n+1) and VS ≤ Cδ,n := 1

n!

√
n+1
2n .

• If rS = 1, then VS ≥ Cr,n :=
√
nn√n+1

n+1

n! .

• If ϱS = 1, then VS ≤ Cϱ,n :=
√
n+1

n+1

n!
√
nn .

In each case, equality holds if S is regular.

Proof. Jung’s inequality [16] states that n-simplices with unit diameter have outer radius at most CJ,n. The
other inequalities are known extremal properties of the regular simplex; see [18, Remark 1.2], [6, Lemma 11], [4,
p. 438], [1, Theorem 2], [13, Theorem 2.2]. □

It is clear that ϱS ≤ δS ≤ 2ϱS , but the comparison of the outer radius and the diameter can be improved
via Jung’s theorem:

C−1
J,nϱS ≤ δS ≤ 2ϱS .(2.1)

Let ν0, . . . , νn denote the heights of the vertices. Let A0, . . . , An be the measures of the codimension-one
faces opposite the respective vertices. Recall

VS =
Aiνi
n

.(2.2)

The largest ball contained within S touches the codimension-one faces tangentially. Its center is called the
incenter and is equidistant to the affine hulls of the codimension-one faces. Applying (2.2) to each simplex in
the simplicial subdivision centered at the incenter, we find

VS =

n∑
i=0

rSAi

n
= rS

n∑
i=0

Ai

n
= rS

n∑
i=0

VS

νi
.

This shows that rS equals the harmonic mean of the n+ 1 vertex heights divided by n+ 1:

rS =

(
n∑

i=0

1

νi

)−1

.(2.3)

In particular, rS ≤ νS . However, the reciprocal heights ν−1
i are the norms of the gradients of the barycentric

coordinates of the simplex, and the sum of those gradients equals zero. Therefore, ν−1
S is at most the sum of

the other reciprocal heights. Therefore,

ν−1
S ≤ r−1

S − ν−1
S .

We conclude that
1

n+ 1
νS ≤ rS ≤ 1

2
νS .(2.4)

This naturally leads to our first set of comparisons between shape measures:

Proposition 2.2. We have

1

2
τS ≥ αS ≥ (n+ 1)−1τS , CJ,n βS ≥ αS ≥ 1

2
βS , τS ≥ βS ≥

C−1
J,n

n+ 1
τS .

It is clear that VS is bounded from below by the volume of its inscribed ball with radius rS and from
above by the volume of the enclosing ball with radius ϱS . Proposition 2.1 gives the tighter bounds

Cr,nr
n
S ≤ VS ≤ Cϱ,nϱ

n
S .(2.5)
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Using (2.3) and Proposition 2.1 on the codimension-one faces, we obtain the inequality

VS = rS

n∑
i=0

Ai

n
≤ n+ 1

n
Cδ,n−1rSδ

n−1
S .

The height of any vertex is bounded by the same vertex’s height in any proper subsimplex containing it.
Therefore, using (2.2) recursively leads to

1

n!
νnS ≤ VS ≤ Cδ,n−1

n
νSδ

n−1
S .

We state our second set of shape measure comparisons.

Proposition 2.3. We have
n+ 1

n
Cδ,n−1αS ≥ µS ≥ Cr,nα

n
S ,

Cδ,n−1

n
τS ≥ µS ≥ 1

n!
τnS ,

n+ 1

n
Cδ,n−1CJ,nβS ≥ µS ≥ Cr,n

2n
βn
S .

Remark 2.4. Let us illustrate these inequalities in low dimensions. If n = 2 and S is a triangle, then the
preceding inequalities become

1
2τS ≥ αS ≥ 1

3τS ,
1√
3
βS ≥ αS ≥ 1

2βS , τS ≥ βS ≥ 1√
3
τS ,

3
2αS ≥ µS ≥ 3

√
3α2

S ,
1
2τS ≥ µS ≥ 1

2τ
2
S ,

√
3
2 βS ≥ µS ≥ 3

√
3

4 β2
S .

If n = 3 and S is a tetrahedron, then the preceding inequalities become

1
2τS ≥ αS ≥ 1

4τS ,
√

3
8βS ≥ αS ≥ 1

2βS , τS ≥ βS ≥ 1√
6
τS ,

1√
3
αS ≥ µS ≥ 8

√
3α3

S ,
√
3

12 τS ≥ µS ≥ 1
6τ

3
S ,

1
2
√
2
βS ≥ µS ≥

√
3β3

S .

3. Solid angles as shape measures

Solid angles are higher-dimensional generalizations of the classical angle between two vectors. We discuss
solid angles of simplices and how they relate to the fullness. The main result of this section can be paraphrased
as follows: simplices are well-shaped if and only if they do not have small solid angles.

If û0, . . . , ûm ∈ Ŝn−1 are linearly independent, then

A(û0, . . . , ûm) := Ŝn−1 ∩ cone{û0, . . . , ûm}
is the spherical m-dimensional simplex with vertices û0, . . . , ûm. The spherical simplex, the cone, and the
vertices uniquely identify each other.

Assume that S ⊂ Rn is an n-dimensional simplex with vertices v0, . . . , vn. The solid angle of S at vertex
vi is defined as the measure

Ωi(S) := Hn−1
(
Ŝn−1 ∩ cone{v0 − vi, . . . , vi−1 − vi, vi+1 − vi, . . . , vn − vi}

)
.(3.1)

In other words, the edges adjacent to the vertex vi define a spherical simplex,

Ai := A
(

v0 − vi
∥v0 − vi∥

, . . . ,
vi−1 − vi
∥vi−1 − vi∥

,
vi+1 − vi
∥vi+1 − vi∥

, . . . ,
vn − vi

∥vn − vi∥

)
,

and the solid angle is the measure of that spherical simplex. Alternatively,

Ωi(S) := lim
ϵ→0

Hn−1 (S(vi, ϵ) ∩ S)

ϵn−1
.(3.2)

It is easy to see that this quotient attains a constant value for ϵ > 0 small enough.
A distinct formulation of the solid angle occassionally is of great utility. Suppose that the matrix Mi ∈ Rn×n

has a columns the vectors

v0 − vi, · · · vi−1 − vi, vi+1 − vi, · · · vn − vi,

The solid angle at vi satisfies the representation

Ωi(S) = π−n
2

∫
Mi·Rn

+

exp(−∥x∥2)dx =
det(Mi)

π
n
2

∫
Rn

+

exp(−∥Mix∥2)dx.(3.3)
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as an integral over the positive orthant.
It is a classical result that the sum of the angles within a triangle equals π. The generalization to higher

dimension takes a weaker form. The sum of the solid angles in a tetrahedron is at most 2π and can be
arbitrarily close to zero [12]. More generally, the sum of the solid angles in an n-dimensional simplex is at most
|Ŝn−1|/2. This extension to higher dimensions can be embedded in the discussion of convex polytopes [23,
(24)] and random polytopes [17, Theorem 3.10] but also admits an elementary proof that is inspired by the
classical planar case. We include it for completeness.

Theorem 3.1. Let S be an n-dimensional simplex with vertices v0, . . . , vn ∈ Rn, for n ≥ 2. Then
n∑

i=0

Ωi(S) ≤
|Ŝn−1|

2
.(3.4)

In particular, the minimum solid angle of S is at most |Ŝn−1|/(2n+ 2).

Proof. Without loss of generality, after a translation, v0 = 0. Suppose that x ∈ Rn. There exist unique
λ1, . . . , λn, µ0, . . . , µn−1 ∈ R such that

x =

n∑
i=1

λi(vi − v0) =

n−1∑
i=0

µi(vi − vn).

We rearrange this equation,

(−
∑n

i=1λi)v0 +

n−1∑
i=1

λivi + λnvn = µ0v0 +

n−1∑
i=1

µivi + (−
∑n−1

i=0 µi)vn,

and notice that λi = µi for 1 ≤ i ≤ n− 1. In addition, λn = −
∑n−1

i=0 µi. Consider the open cones

C+
0 :=

n∑
i=1

R+ · (vi − v0), C−
0 := −C+

0 , C+
n :=

n−1∑
i=0

R+ · (vi − vn), C−
n := −C+

n .

Clearly, C+
0 ∩ C−

0 = C+
n ∩ C−

n = ∅. If x ∈ C+
0 , then positivity of λ1, . . . , λn−1 shows that x /∈ C−

n , and
positivity of λn shows that x /∈ C+

n . Likewise, C+
n is disjoint from C−

0 . We conclude that the spherical
simplices defined by the n+ 1 vertices, and their reflections across the origin,

A0,A1, . . . ,An,−A0,−A1, . . . ,−An,

are essentially disjoint within the unit sphere of dimension n− 1. The inequality (3.4) is now evident. □

The minimum solid angle

ΩS := min{Ω0(S),Ω1(S), . . . ,Ωn(S)}
of the simplex S is a candidate for a shape measure. The simplex S is contained in the volume suspended by
any vertex and its opposite spherical simplex, scaled by the radius δS . Hence,

VS ≤ ΩS

|Ŝn−1|
|B̂n|δnS =

δnS
n
ΩS .

Therefore,

µS ≤ 1

n
ΩS .

This means that well-shaped simplices do not have small solid angles. The purpose of this manuscript is to
establish the converse implication.

Example 3.2. Let ϵ > 0. Consider a simplex Sϵ with vertices

v0 = 0, v1 = e1, v2 = e1 + ϵe2, . . . vn = e1 + ϵen.

Obviously, δSϵ =
√
1 + ϵ2 and VSϵ = ϵn−1/n!, and therefore

µSϵ
= VSϵ

δ−n
Sϵ

=
ϵn−1

n!(1 + ϵ2)
n
2
.
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Always, Ω1 = Ŝn−1/4, and the solid angles at v2, . . . , vn monotonically increase towards a constant value as ϵ
decreases. For the solid angle at v0, consider the matrix

M0 :=


1 1 . . . 1

ϵ
. . .

ϵ

 .

If x ∈ Rn with positive coordinates, then one easily verifies

∥M0x∥2 ≤ (n+ ϵ2)∥x∥2, ∥M0x∥2 ≥ ∥x∥2.
Applying the lower and upper bound in the representation (3.3) of the solid angles as orthant integral and
performing a substitution, the following inequalities emerge:

ϵn−1

n!(n+ ϵ)
n
2
≤ Ω0 ≤ ϵn−1

n!2n
.

This shows that any upper bound for the fullness in terms of the minimum solid angle, in two or more
dimensions, must be at least linear.

Let Hn be the northern halfspace, and let En−1 ⊂ Rn be the tangent plane at the north pole,

Hn := {(x1, . . . , xn) ∈ Rn | xn > 0}, En−1 := {x ∈ Rn | xn = 1}.
The gnomonic projection is

Φ : Ŝn−1 ∩Hn → En−1, (x1, . . . , xn−1, xn) 7→ (x1/xn, . . . , xn−1/xn, 1).

Its inverse takes the form

Φ−1 : En−1 → Ŝn−1 ∩Hn, y 7→ y

∥y∥
.

The gnomonic projection Φ maps spherical simplices in the northern hemisphere Ŝn−1 ∩ Hn to simplices
within the tangential plane En−1.

Lemma 3.3. Let û0, . . . , ûm ∈ Ŝn−1 ∩Hn be linearly independent unit vectors in the northern hemisphere.
Write ui := Φ(ûi) for 0 ≤ i ≤ m. Then convex{u0, . . . , um} is an m-dimensional simplex with vertices
u0, . . . , um and

Φ(A(û0, . . . , ûm)) = convex{u0, . . . , um}.

Proof. Write C := cone{û0, . . . , ûm} and A := A(û0, . . . , ûm). We know that K := En−1 ∩ C is a simplex
with vertices u0, . . . , um. By definition, A = Ŝn−1 ∩ C. Since Φ preserves half-lines starting at the origin,
Φ(A) = K is evident. □

Lemma 3.4. For all y ∈ En−1 we have

det
(
DΦ−t

|y DΦ−1
|y

)
= ∥y∥−2n.

Proof. Recall that the normalization mapping Φ̃ : Rn \ {0} → Ŝn−1 from the punctured Euclidean space onto
the unit sphere, which is defined by Φ̃(y) := y/∥y∥, has a Jacobian of the form

DΦ̃[y] =
1

∥y∥
Idn×n −

y ⊗ yt

∥y∥3
.

The Jacobian of Φ−1 at any y ∈ En−1 in tangential direction v ∈ Rn, where we write y = (y1, . . . , yn−1, 1)
and v = (v1, . . . , vn−1, 0) and abbreviate z := (y1, . . . , yn−1), takes the following form:

DΦ−1[y] = (∥z∥2 + 1)−
1
2 Idn×(n−1) −(∥z∥2 + 1)−

3
2 ((z, 0) + en)⊗ zt.

We abbreviate s = ∥z∥2 + 1 and find(
DΦ−1[y]

)t(
DΦ−1[y]

)
=

1

s
Idn−1 −

2

s2
z ⊗ zt +

∥(z, 1)∥2

s3
z ⊗ zt =

1

s

(
Idn−1 −

z ⊗ zt

s

)
.
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Therefore, the matrix determinant lemma applies and gives

det

(
Idn−1 −

z ⊗ zt

s

)
= 1− ztz

s
= 1− ∥z∥2

∥z∥2 + 1
=

1

s
.

The desired determinant formula follows. □

Remark 3.5. The gnomonic projection of the one-dimensional northern hemisphere, the upper semicircle,
elegantly relates to trigonometric identities. Let x = (x1, x2) ∈ Ŝ1 ∩H2 be in the northern hemisphere, and
let (z, 1) = Φ(x). Let α = arctan(z) ∈ (−π/2, π/2). Then x1 = sin(α) and x2 = cos(α). At the same time,
x1 = sin(arctan(z)) = z/

√
1 + z2 and x2 = cos(arctan(z)) = 1/

√
1 + z2. From z = x1/x2 and 1 = x2

1 + x2
2,

converse identities z = tan(arcsin(x1)) = x1/
√

1− x2
1 and |z| = tan(arccos(x2)) =

√
1− x2

2/x2 are derived.

The area of spherical simplices, and thus solid angles, can be formulated as a Euclidean integral. Suppose
that û1, . . . , ûn ∈ Ŝn−1 ∩Hn are linearly independent unit vectors in the northern hemisphere. Then

A := Ŝn−1 ∩ cone{û1, . . . , ûn}
is a spherical simplex that is mapped along the gnomonic projection to the simplex

K := Φ(A) = convex{Φ(û1), . . . ,Φ(ûn)}.
The area of the spherical simplex admits the representation as a weighted Euclidean integral

Hn−1(A) =

∫
K

∥y∥−ndHn−1.

Notice that the integrand is non-singular and smooth because K ⊂ En−1. This reformulation of solid angles
is central to our analysis of solid angles.

4. The minimum solid angle

We first address the special case of a tetrahedron, n = 3, and then the case of simplices in any dimension n.

Theorem 4.1. Let S ⊂ R3 be a tetrahedron. We have the estimate

C−1
tetΩ

2
S ≤ µS ≤ 1

3ΩS , Ctet := 12 + 3π.(4.1)

Proof. Let S be a tetrahedron with vertices v0, v1, v2, v3 ∈ R3. It suffices to consider the case δS = 1 because
the rest follows by a scaling argument. Without loss of generality, after rotation, translation, and relabeling,
v0 = 0 and v3 = e3. Since the edge from v0 to v3 is the diameter of S, the remaining vertices have the form

v1 = (f1, θ1), v2 = (f2, θ2),

where f1, f2 ∈ R2 and θ1, θ2 ∈ (0, 1), and f1, f2 are linearly independent. These satisfy the inequalities

∥f1∥2 + θ21 ≤ 1, ∥f2∥2 + θ22 ≤ 1, ∥f1∥2 + (1− θ1)
2 ≤ 1, ∥f2∥2 + (1− θ2)

2 ≤ 1.

The vertices v1, v2, v3 lie in the northern half-space H3. Let v̂1, v̂2 be the unit vectors in the directions of
v1, v2, respectively. Their gnomonic projections onto the northern tangential plane E2 are

Φ(v̂1) = (f1/θ1, 1) , Φ(v̂2) = (f2/θ2, 1) .

Taking the gnomonic projection of the spherical triangle opposite to v0 onto E2 and omitting the third
coordinate gives the triangle

K0 = convex

{
0,

f1
θ1

,
f2
θ2

}
⊂ R2.

Therefore, the solid angle Ω0 := Ω0(S) equals the planar integral

Ω0 =

∫∫
K0

(1 + ∥z∥2)− 3
2 dz.

A fully analogous argument rewrites the solid angle Ω3 := Ω3(S) as the planar integral

Ω3 =

∫∫
K3

(1 + ∥z∥2)− 3
2 dz, K3 = convex

{
0,

f1
1− θ1

,
f2

1− θ2

}
.
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We define the new triangle F = convex{0, f1, f2}. Let α ∈ (0, π) be the angle between f1 and f2. By
Cavalieri’s principle, 3VS = VF . By construction, the measures satisfy

VK0 = θ−1
1 θ−1

2 VF , VK3 = (1− θ1)
−1(1− θ2)

−1VF , 3VS = VF =
1

2
sin(α)b1b2,

b1 := ∥f1∥, b2 := ∥f2∥.

We can now estimate the solid angles. First, we notice the simple estimates

Ω0 ≤ VK0 , Ω3 ≤ VK3 .

Since K0 and K3 are triangles with the origin as a vertex, they lie in a radial sector of R2 with angle α. Thus,

Ω0 ≤ α

2π

∫∫
R2

(1 + ∥z∥2)− 3
2 dz = α

∫ ∞

0

(1 + r2)−
3
2 rdr = α

∫ ∞

0

(
−(1 + r2)−

1
2

)′
dr = α.

The same argument applies to K3. Thus, Ω0 ≤ α, and Ω3 ≤ α, which yields the product estimates

Ω2
S ≤ Ω0Ω3 ≤ θ−1

1 θ−1
2 VFα, Ω2

S ≤ Ω0Ω3 ≤ (1− θ1)
−1(1− θ2)

−1VFα.

At the same time, Theorem 3.1 states that the minimum solid angle of a tetrahedron is at most π/2, hence

Ω2
S ≤ π

2
Ω0 ≤ θ−1

1 θ−1
2

π

2
VF , Ω2

S ≤ π

2
Ω3 ≤ (1− θ1)

−1(1− θ2)
−1π

2
VF .

The inclusion K0 ⊆ [0, 1]θ−1
1 f1 + R+

0 θ
−1
2 f2 gives, after an orthogonal transformation that aligns f2 with the

second coordinate direction,

Ω0 ≤ I(θ−1
1 b1, α), I(θ−1

1 b1, α) :=

∫ θ−1
1 b1 sin(α)

0

∫ ∞

x cot(α)

(1 + x2 + y2)−
3
2 dydx.

Abbreviate B = cot(α)x. We substitute y =
√
1 + x2 tan(φ) and find∫ ∞

B

(1 + x2 + y2)−
3
2 dy =

∫ π
2

arctan(B/
√
1+x2)

sec(φ)2

(1 + x2)(1 + tan(φ)2)
3
2

dφ =
1

1 + x2

∫ π
2

arctan(B/
√
1+x2)

sec(φ)2

sec(φ)3
dφ

=
1

1 + x2

∫ π
2

arctan(B/
√
1+x2)

cos(φ)dφ =
1− sin(arctan(B/

√
1 + x2))

1 + x2

=
1

1 + x2
−

sin arctan(cot(α) x√
1+x2

)

1 + x2
.

As in Remark 3.5, one can simplify

sin arctan(cot(α) x√
1+x2

) =
cot(α)x√

1 + (1 + cot2(α))x2
= (sin2(α) + x2)−

1
2 cos(α)x.

We bound the integral of this expression in x from 0 to θ−1
1 b1 sin(α). For any D > 0, we notice

∂DI(D,α) := ∂D

∫ D sin(α)

0

1

1 + x2
− cos(α)x

(1 + x2)(sin2(α) + x2)
1
2

dx

=
sin(α)

1 +D2 sin(α)2
− cos(α)D sin(α)2

(1 +D2 sin(α)2)(sin2(α) +D2 sin(α)2)
1
2

=
sin(α)

1 +D2 sin(α)2
− cos(α) sin(α)D

(1 +D2 sin(α)2)(1 +D2)
1
2

=
sin(α)

1 +D2 sin(α)2
(1− cos(α) sin(arctan(D))) .

The integral I(θ−1
1 b1, α) is increasing in α up to π/2. If α = π/2, then the bound ∂DI(D,α) ≤ 1 leads

to I(θ−1
1 b1, α) ≤ θ−1

1 b1, so we consider now the case where 0 < α < π/2 or π/2 < α < π. We write
9



φ := sin(arctan(D)) ∈ (0, 1), so that D = φ/
√

1− φ2. One observes

sin(α)

1 +D2 sin(α)2
(1− cos(α) sin(arctan(D)))

=
sin(α)(1− φ2) (1− cos(α)φ)

1− φ2 + (1− φ2)D2 sin(α)2

=
sin(α)(1− φ2) (1− cos(α)φ)

1− φ2 + sin(α)2φ2
=

sin(α)(1− φ2) (1− cos(α)φ)

1− cos(α)2φ2
=

sin(α)(1− φ2)

1 + cos(α)φ
= tan(α)

1− φ2

sec(α) + φ
.

The last quotient as a function in φ vanishes at −1 and +1 and is positive over the interval (−1, 1). Therefore,
we seek its critical points at the solutions of the quadratic equation

φ2 + 2φ sec(α) + 1 = 0.

Its two roots are φ = − sec(α)±
√
sec(α)2 − 1. We only take the critical point within (−1, 1). If 0 < α < π/2,

then this is φ = − sec(α) +
√
sec2(α)− 1. If π/2 < α < π, then this is φ = − sec(α) −

√
sec2(α)− 1. In

either case, φ = tan(α)− sec(α). Therefore,

tan(α)
1− φ2

sec(α) + φ
= 1− (sec(α)− tan(α))

2

= 1−
(
1− sin(α)

cos(α)

)2

=
2 sin(α)− 2 sin(α)2

cos(α)2
= 2 sin(α)

1− sin(α)

1− sin(α)2
=

2 sin(α)

1 + sin(α)
.

We integrate ∂DI(D,α) from 0 to b1/θ1, thus bounding I(b1/θ1, α). For all 0 < α < π, we have verified

I(θ−1
1 b1, α) ≤ θ−1

1 b1
2 sin(α)

1 + sin(α)
.

This leads to the following upper estimate for Ω0, another upper estimate based on the second vertex, and
analogous upper bounds for the opposite solid angle Ω3:

Ω0 ≤ 2b1θ
−1
1 sin(α)

1 + sin(α)
, Ω0 ≤ 2b2θ

−1
2 sin(α)

1 + sin(α)
, Ω3 ≤ 2b1(1− θ1)

−1 sin(α)

1 + sin(α)
, Ω3 ≤ 2b2(1− θ2)

−1 sin(α)

1 + sin(α)
.

Along these lines of reasoning, the following product estimates are established:

Ω0Ω3 ≤ θ−1
1 (1− θ2)

−1b1b2 sin(α)
4 sin(α)

(1 + sin(α))2
≤ θ−1

1 (1− θ2)
−12VF , Ω0Ω3 ≤ (1− θ1)

−1θ−1
2 2VF .

Here, we have used that 4 sin(α) ≤ (1 + sin(α))2 because 2
√
sin(α) ≤ 1 + sin(α). This leads to the following

sum:

Ω2
S = Ω2

S (θ1θ2 + θ1(1− θ2) + (1− θ1)θ2 + (1− θ1)(1− θ2)) ≤ 2
(
π
2 + 2

)
VF = (12 + 3π)VS .

Obviously, this proves (4.1) in the case δS = 1. Finally, the assumption δS = 1 can be omitted by a scaling
argument. This proves the desired estimate. □

Remark 4.2. We remark on the geometric intuition in this proof. First, VF is proportional to VS by Cavalieri’s
principle. If v1 and v2 are closer to v3, say, θ1, θ2 > 1

2 , then the solid angle Ω0 ≤ VK0 ≤ 4VF , since the
area distortion of the gnomonic projection is bounded in this regime. The solid angle Ω3 is at most 2π by
Theorem 3.1. If instead v1 and v2 are closer to v0, say, θ1, θ2 ≤ 1

2 , we reverse the roles of which solid angle is
controlled and which is estimated only uniformly. In either case, the product Ω0Ω3 is controlled.

It remains to address the mixed case. If θ1 > 1
2 but θ2 ≤ 1

2 , then K0 is contained within the strip
[0, θ−1

1 ∥f1∥ sin(α)]× R, after an orthogonal change of coordinates. The solid angle Ω0 is bounded by a fixed
multiple of the width θ−1

1 ∥f1∥ sin(α) ≤ 2∥f1∥ sin(α). An analogous estimate applies to the opposite solid
angle Ω3. Each of these solid angles is controlled by one leg of the triangle F , and hence their product is
controlled by both legs. This allows us to use 2VF = ∥f1∥∥f2∥ sin(α).

Hence, after picking in accordance to whether each of v1 and v2 is closer to v0 or v3, we conduct a case
distinction and bound Ω0Ω3 by a multiple of VS . The proof of Theorem 4.1 refines this idea: instead of
picking the worst possible bound, we take a weighted average of these estimates.
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Example 4.3. We show that the quadratic exponent in Theorem 4.1 is optimal and cannot be lowered.
Suppose that ϵ > 0. Inspired by the sliver example in Figure 1, the tetrahedron S with vertices

v0 = −ϵe1, v1 = ϵe1, v2 = e2 − ϵe3, e2 = e2 + ϵe3,

is studied for ϵ > 0 small. δS =
√
1 + 2ϵ2, and a simple determinant calculation gives VS = 2ϵ2/3. Write

dij := ∥vi − vj∥ for 0 ≤ i < j ≤ 3. Then d01 = d23 = 2ϵ and d02 = d03 = d12 = d13 =
√
1 + 2ϵ2. The solid

angles of S are identical because of symmetry. We use a theorem by Liu and Joe [19, Theorem 2.2],

sin(Ω0(S)/2) = 12VS ·
∏

1≤i<j≤3(d0i + d0j + dij)
− 1

2 (d0i + d0j − dij)
− 1

2 .

A direct calculation gives

sin(Ω0(S)/2) = ϵ(1 + 3ϵ2 + 2ϵ
√
1 + 2ϵ2)−1.

Write k(ϵ) := 1 + 3ϵ2 + 2ϵ
√
1 + 2ϵ2. Then

Ω0(S)/2 = ϵk(ϵ)/
√

1 + ϵ2k(ϵ)2 = ϵ(k(ϵ)−2 + ϵ2)−
1
2 .

Clearly, for any 1 ≤ p < ∞ we have

Ωp
S/VS =

3

2
ϵp−22pk(ϵ)−

p
2 .

It is now apparent that p = 2 is the lowest possible exponent in the inequality 4.1, and Ctet ≥ 6.

We analyze the relationship between the fullness and the minimum solid angle of higher dimensional
simplices.

Theorem 4.4. Let S ⊂ Rn be an n-dimensional simplex with n ≥ 2. We have the estimate

C−1
n Ω2

S ≤ µS ≤ 1
nΩS , Cn := nπ

n−1
2

n−2∑
ℓ=1

(
n−1
ℓ

)2Γ( ℓ+1
2 )Γ(n−ℓ

2 )

Γ(n2 )
2

+
2nπ

n
2

(n+ 1)Γ(n2 )
.(4.2)

Proof. The upper bound has already been shown. We address the lower bound. Suppose that S has diameter
equal to 1. Without loss of generality, after rotation, translation, and relabeling of vertices,

v0 = 0, vn = en, ∥v0 − vn∥ = 1.

Now, the remaining vertices v1, . . . , vn−1 can be written as

vi = (fi, θi), fi ∈ Rn−1, θi ∈ R.
Since the edge from v0 to vn realizes the diameter of S, for all 1 ≤ i ≤ n− 1:

fi ̸= 0, 0 < θi < 1, θ2i + ∥fi∥2 ≤ 1, (1− θi)
2 + ∥fi∥2 ≤ 1.

We write Ω0 := Ω0(S) and Ωn := Ωn(S) as integrals. The vertices v1, . . . , vn−1 are located in the northern
half-space Hn. Let v̂1, . . . , v̂n−1 be their radial projections on the northern hemisphere Hn ∩ Ŝn−1, so that
v̂i = vi/∥vi∥. Their gnomonic projections onto the northern tangential plane En−1 are

Φ(v̂i) = (fi/θi, 1) ∈ En−1.

We take the gnomonic projection of the spherical simplex at v0 to the northern tangential plane En−1.
Omitting the last coordinate, the image of the spherical simplex is the lower-dimensional simplex

K0 := convex

{
0,

f1
θ1

, . . . ,
fn−1

θn−1

}
⊂ Rn−1.(4.3)

Therefore,

Ω0 =

∫
K0

(1 + ∥z∥2)−n
2 dz.(4.4)

A completely analogous argument applies to the solid angle Ωn at the vertex vn, with the main change being
that factors θi are replaced by 1− θi. Accordingly,

Ωn =

∫
Kn

(1 + ∥z∥2)−n
2 dz, Kn := convex

{
0,

f1
1− θ1

, . . . ,
fn−1

1− θn−1

}
.

11



Next, we consider any partition of the indices {1, . . . , n− 1} into two sets: let IA, IB ⊆ {1, . . . , n− 1} with

IA ∩ IB = ∅, IA ∪ IB = {1, . . . , n− 1},(4.5)

and define cardinalities

ℓA := |IA|, ℓB := |IB |.

Notice that ℓA + ℓB = n− 1. We define the subspaces

UA := span{fi | i ∈ IA}, UB := span{fi | i ∈ IB},

and the orthogonal projections onto their respective orthogonal complements

PA : Rn−1 → U⊥
A , PB : Rn−1 → U⊥

B .

Since VS > 0, the vectors f1, . . . , fn−1 are linearly independent. Hence, dimUA = ℓA and dimUB = ℓB .
We also define the following simplices and their corresponding volumes:

F := convex{0, f1, . . . , fn−1}, FA := convex{0, fi | i ∈ IA}, FB := convex{0, fi | i ∈ IB},

VF := Hn−1(F ), VA := HℓA(FA), VB := HℓB (FB).

Due to Cavalieri’s principle, S has the same measure as the convex hull of en and F (embedded in the
coordinate plane e⊥n ). Hence, n!VS = (n− 1)!VF . Again via Cavalieri’s principle, F has the same measure as
the convex hull of FA and the projected simplex PAFB. Similarly, F has the same measure as the convex
hull of FB and the projected simplex PBFA. Consequently,

HℓA(FA)HℓB (PAFB) =
(n− 1)!

ℓA!ℓB !
VF , HℓA(PBFA)HℓB (FB) =

(n− 1)!

ℓA!ℓB !
VF .

In particular,

HℓB (PAFB) =
(n− 1)!

ℓA!ℓB !

VF

VA
, HℓA(PBFA) =

(n− 1)!

ℓA!ℓB !

VF

VB
.(4.6)

Since the projections are orthogonal,

HℓB (PAFB) ≤ VB , HℓA(PBFA) ≤ VA, VF ≤ ℓA!ℓB !

(n− 1)!
VAVB .(4.7)

This gives rise to estimates for the projected simplices PBK0 and PAKn. Recall that K0 is the convex
hull of the origin and f1/θ1, . . . , fn−1/θn−1. Therefore, PBK0 is the convex hull of the origin and PBfi/θi,
where i ∈ IA. Thus,

HℓA(PBK0) =
∏
i∈IA

θ−1
i HℓA(PBFA).(4.8)

Along a completely analogous line of reasoning, one obtains

HℓB (PAKn) =
∏
i∈IB

(1− θi)
−1HℓB (PAFB).(4.9)

We finally bound the integrals. Obviously, K0 ⊆ PBK0 + UB . The latter is an orthogonal sum. Fubini’s
theorem gives

Ω0 =

∫
K0

(1 + ∥z∥2)−n
2 dz ≤

∫
PBK0

∫
UB

(1 + ∥x∥2 + ∥y∥2)−n
2 dydx.(4.10)

Recall the following Laplace transform identity:

s−
n
2 = Γ

(
n
2

)−1
∫ ∞

0

τ
n
2 −1e−sτdτ.(4.11)
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Consider any x ∈ PBK0. We apply (4.11) and find∫
UB

(1 + ∥x∥2 + ∥y∥2)−n
2 dy = Γ

(
n
2

)−1
∫ ∞

0

∫
RℓB

τ
n
2 −1e−(1+∥x∥2+∥y∥2)τdydτ

= Γ
(
n
2

)−1
∫ ∞

0

τ
n
2 −1e−(1+∥x∥2)τ

∫
RℓB

e−τ∥y∥2

dydτ

= Γ
(
n
2

)−1
∫ ∞

0

τ
n−ℓB

2 −1e−(1+∥x∥2)τdτ

∫
RℓB

e−∥y∥2

dy.

Using the Laplace transform identity (4.11) once again and integrating the Gaussian yields∫
RℓB

(1 + ∥x∥2 + ∥y∥2)−n
2 dy = π

ℓB
2 Γ
(
n
2

)−1
Γ
(
n−ℓB

2

)
(1 + ∥x∥2)−

n−ℓB
2 .

With n− ℓB = ℓA + 1, this results in

Ω0 ≤ π
ℓB
2 Γ
(
n
2

)−1
Γ
(
ℓA+1

2

)
HℓA(PBK0).(4.12)

For the other solid angle Ωn, a fully analogous integration argument with the two index sets switched yields

Ωn ≤ π
ℓA
2 Γ
(
n
2

)−1
Γ
(
ℓB+1

2

)
HℓB (PAKn).(4.13)

We combine (4.6), (4.7), (4.8), (4.9), (4.12), and (4.13) and recall ℓA + ℓB = n− 1. Now,

Ω2
S ≤ Ω0Ωn ≤

π
n−1
2 Γ( ℓA+1

2 )Γ( ℓB+1
2 )Γ(n2 )

−2∏
i∈IA

θi
∏

i∈IB
(1− θi)

(
(n− 1)!

ℓA!ℓB !

)2
V 2
F

VAVB
,

V 2
F

VAVB
≤ ℓA!ℓB !

(n− 1)!
nVS .(4.14)

An improvement involves Theorem 3.1 and concerns the extremal cases of the index partitions. If ℓA = 0,
then PAKn = Kn and

Ω2
S ≤ ΩSΩn ≤ |Ŝn−1|

2n+ 2
Hn−1(Kn) =

|Ŝn−1|
2n+ 2

∏
1≤i≤n−1

(1− θi)
−1VF =

π
n
2 Γ(n2 )

−1(n+ 1)−1n∏
1≤i≤n−1(1− θi)

VS .

If ℓA = n− 1, then PBK0 = K0 and

Ω2
S ≤

π
n
2 Γ(n2 )

−1(n+ 1)−1n∏
1≤i≤n−1 θi

VS .

We sum over all the possible partitions (4.5). Since the coefficients only depend on the cardinalities of the
index sets, we arrive at the upper bound

Ω2
S ≤ CnVS , Cn := nπ

n−1
2

n−2∑
ℓ=1

(
n−1
ℓ

)2Γ( ℓ+1
2 )Γ(n−ℓ

2 )

Γ(n2 )
2

+
2nπ

n
2

(n+ 1)Γ(n2 )
.

Since δS = 1, we have VS = µS and thus (4.2) follows. For general simplices with arbitrary diameters, the
desired result follows by scaling invariance of µS and of the solid angles. □

Remark 4.5. A simplified, albeit rougher, estimate is of interest. With the notation as in the proof of
Theorem 4.4, we consider the particular partition

IA := {1 ≤ i ≤ n− 1 | θi > 1
2}, IB := {1 ≤ i ≤ n− 1 | θi ≤ 1

2}.

Using this partition in (4.14), this delivers the upper bound

Ω2
S ≤ Ω0Ωn ≤ 2n−1π

n−1
2 Γ( ℓA+1

2 )Γ( ℓB+1
2 )Γ(n2 )

−2 n!

ℓA!ℓB !
VS .(4.15)

By taking the maximum over 0 ≤ ℓA ≤ n− 1, the resulting constant only depends on n. The preceding proof
can be interpreted as a refinement of this initial rough estimate.
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Example 4.6. The following example illustrates the optimality of the quadratic exponent in Theorem 4.4
for simplices of any dimension n. Let ϵ > 0. The vertices

v0 = 0, v1 = ϵe1, . . . vn−2 = ϵen−2, vn−1 = en−1 − ϵn−2en, vn = en−1 + ϵn−2en

define an n-dimensional simplex. Simple direct computations show that

δS =
√
1 + ϵ2 + ϵ2(n−2), VS =

2

n!
ϵ2(n−2). µS =

n!(1 + ϵ2 + ϵ2(n−2))
n
2

2ϵ2(n−2)

By symmetry, the solid angle Ω0(S) equals a fraction of the semisphere area, ζ|Ŝn−1|/4, where ζ =
2arctan(ϵn−2)/π. For ϵ > 0 small enough,

|Ŝn−1|
8

ϵn−2 ≤ Ω0 ≤ |Ŝn−1|
2π

ϵn−2.

By symmetry, too, Ω1(S) = · · · = Ωn−2(S) and Ωn−1(S) = Ωn(S). Let

M1 :=



−ϵ −ϵ . . . −ϵ −ϵ −ϵ
ϵ

. . .
ϵ

1 1
−ϵn−2 ϵn−2


, Mn :=


ϵ

. . .
ϵ

−1 −1 . . . −1
−ϵn−2 −ϵn−2 . . . −ϵn−2 −2ϵn−2


be the matrices whose columns are the edges of the simplex S that emanate from the vertices v0 and vn. For
any x ∈ Rn with positive entries, expanding the norm of M1x gives

∥M1x∥2 = ϵ2(
∑n

i=1xi)
2 + ϵ2

∑n−2
i=2 x

2
i + (xn−1 + xn)

2 + ϵ2(n−2)(xn−1 − xn)
2.

Assuming that ϵ > 0 is small, the following simple estimates hold:

∥M1x∥2 ≤ 2ϵ2(
∑n−2

i=1 xi)
2 + ϵ2

∑n−2
i=2 x

2
i + (1 + 2ϵ2 + ϵ2(n−2))(xn−1 + xn)

2

≤ ϵ2(2n− 4 + ϵ2)(
∑n−2

i=1 x
2
i ) + 2(1 + ϵ2 + ϵ2(n−2))(x2

n−1 + x2
n)

∥M1x∥2 ≥ ϵ2(
∑n−2

i=1 xi)
2 + (1 + ϵ2(n−2))(x2

n−1 + x2
n) + 2(1− ϵ2(n−2))xn−1xn

≥ ϵ2(
∑n−2

i=1 x
2
i ) + (1 + ϵ2(n−2))(x2

n−1 + x2
n)

Applying the lower and upper bound in the representation (3.3) of the solid angles as orthant integral and
performing a substitution, together with n!VS = 2ϵn−2, yields

(1− ϵ)
ϵn−2

2n(2n− 4)
n−2
2

≤ Ω1(S) ≤
ϵn−2

2n−1

Similarly, the norm of Mnx expands like

∥Mnx∥2 = ϵ2
∑n−1

i=2 x
2
i + (

∑n−1
i=1 xi)

2 + ϵ2(n−2)(
∑n−1

i=1 xi + 2xn)
2,

and we derive the estimates

∥Mnx∥2 ≤ ϵ2
∑n−1

i=2 x
2
i + (1 + 2ϵ2(n−2))(

∑n−1
i=1 xi)

2 + 8ϵ2(n−2)x2
n

≤ (2 + ϵ2 + 4ϵ2(n−2))(
∑n−1

i=1 x
2
i ) + 8ϵ2(n−2)x2

n

∥Mnx∥2 ≥
∑n−1

i=1 x
2
i + ϵ2(n−2)4x2

n.

Again applying the lower and upper bound in the representation (3.3) results in the following lower and
upper bound for the solid angle:

(1− ϵ)2−
3n
2 ϵn−2 ≤ Ωn(S) ≤ 2−nϵn−2.

We conclude that there exist constants cn, Cn > 0, depending only on n, such that

cnΩ
2
S ≤ VS ≤ CnΩ

2
S .

This illustrates that the quadratic exponent 2 is optimal.
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We finish this discussion with low-dimensional examples. Triangles admit an improved bound where
the fullness is bounded not only from above but also from below by multiples of the minimum (solid)
angle. Tetrahedral minimum angle conditions were studied by Liu and Joe [19], and both Theorem 4.1 and
Theorem 4.4 for n = 3 yield improved bounds. Lastly, the minimum solid angle condition for pentatopes is
illustrated.

Example 4.7. Let S be a triangle with angles α, β, γ ∈ (0, π) and opposite side lengths a, b, c > 0, respectively.
Assume that α equals the minimal angle and that c equals the diameter. Using the law of sines,

2VS = ab sin(γ) = c2
sin(α) sin(β)

sin(γ)
= c2 sin(α)

sin(β)

sin(α+ β)
.

Since α ≤ β ≤ π − α and 3α ≤ π, we have sin(α) ≤ sin(β) and cos(β) ≤ cos(α). From b ≤ c we get
sin(β) ≤ sin(γ), and since β + γ < π we get β ≤ γ, hence cos(β) ≥ 0. By the angle sum identity,

sin(α+ β)

sin(β)
=

sin(α) cos(β) + cos(α) sin(β)

sin(β)
≤ cos(β) + cos(α) ≤ 2 cos(α).

With α ≤ tan(α) and sin(α) ≤ α, we find

1
4α ≤ 1

4 tan(α) ≤
VS

δ2S
≤ 1

2 sin(α) ≤
1
2α.

This proves the minimum angle of a triangle to be a shape measure comparable to the fullness. Using
Theorem 4.4 and α ≤ π/3, we get the weaker estimates

3
4πα

2 ≤ µS ≤ 1
2α,

3
4πα

2 ≤ 1
4α.(4.16)

Thus, Theorem 4.4 recovers natural inequalities relating the triangle fullness and minimum angle.

Example 4.8. We consider a tetrahedron S with vertices v0, v1, v2, v3. Liu and Joe [19] compare shape
measures of tetrahedra, including the minimum solid angle ΩS and the mean ratio ηS , where [19, (3.4)]

ηS := 12(3VS)
2
3

(∑
0≤i<j≤3∥vi − vj∥2

)−1

.

This implies a comparison between the fullness and the minimum solid angle of tetrahedra, as we now show.
Without loss of generality, δS = ∥v0 − v1∥. Whereas ∥v2 − v3∥ can be arbitrarily small,

∥v0 − v2∥2 + ∥v2 − v1∥2 + ∥v0 − v3∥2 + ∥v3 − v1∥2 ≥ δ2S .

Therefore, the fullness and the mean ratio satisfy the comparison

2
3
2 3µS ≤ η

3
2

S ≤ 6
3
2 3µS .

Define σS := sin(ΩS/2). By Liu and Joe’s comparison result [19, Theorem 5.2],
1
16η

3
2

S ≤ σS ≤ 8
1
4 η

3
4

S .

The sum of the four solid angles in S is at most 2π, thus ΩS ≤ π/2. The inequalities
√
2

π ΩS ≤ σS ≤ 1
2ΩS

follow. The combination of these findings gives

3

√
2

4
µS ≤ ΩS , Ω2

S ≤ 36
√
3π2µS .(4.17)

We use Theorem 4.4 with n = 3 and the fact Γ( 32 ) =
√
π/2 to find the stronger estimates

3µS ≤ ΩS , Ω2
S ≤ (48 + 3π)µS .(4.18)

In addition, Theorem 4.1 further improves the constant and yields

3µS ≤ ΩS , Ω2
S ≤ (12 + 3π)µS .(4.19)

In particular, while a comparison between fullness and minimum solid angle of a tetrahedron already follows
from known results, this manuscript yields tighter constants for this comparison of shape measures.

Example 4.9. If S ⊂ R4 is a 4-simplex (pentatope), then Theorem 4.4 yields

4µS ≤ ΩS , Ω2
S ≤ 188

5
π2µS .(4.20)

15



References

[1] B. Basit and Z. Lángi, Discrete isoperimetric problems in spaces of constant curvature, Mathematika, 69 (2023),
pp. 33–50.

[2] J. Brandts, S. Korotov, and M. Křížek, On the equivalence of regularity criteria for triangular and tetrahedral finite
element partitions, Comput. Math. Appl., 55 (2008), pp. 2227–2233.

[3] , On the equivalence of ball conditions for simplicial finite elements in Rd, Appl. Math. Lett., 22 (2009), pp. 1210–1212.
[4] P. Brass, W. Moser, and J. Pach, Research problems in discrete geometry, New York, NY: Springer, 2005.
[5] S. C. Brenner and L. R. Scott, The mathematical theory of finite element methods, vol. 15 of Texts Appl. Math., New

York, NY: Springer, 3 ed., 2008.
[6] A. Choudhary, S. Kachanovich, and M. Wintraecken, Coxeter triangulations have good quality, Math. Comput. Sci.,

14 (2020), pp. 141–176.
[7] J. Dompierre, M.-G. Vallet, P. Labbé, and F. Guibault, An analysis of simplex shape measures for anisotropic

meshes, Comput. Methods Appl. Mech. Eng., 194 (2005), pp. 4895–4914.
[8] R. Dyer, G. Vegter, and M. Wintraecken, Riemannian simplices and triangulations, Geom. Dedicata, 179 (2015),

pp. 91–138.
[9] F. Eriksson, On the measure of solid angles, Math. Mag., 63 (1990), pp. 184–188.

[10] A. Ern and J.-L. Guermond, Finite elements I. Approximation and interpolation, vol. 72 of Texts Appl. Math., Springer,
Cham, 2020.

[11] L. Euler, De mensura angulorum solidorum, Acta Academiae Scientiarum Imperialis Petropolitanae, (1781), pp. 31–54.
[12] J. W. Gaddum, The sums of the dihedral and trihedral angles in tetrahedron, Am. Math. Mon., 59 (1952), pp. 370–371.
[13] L. Gerber, The orthocentric simplex as an extreme simplex, Pac. J. Math., 56 (1975), pp. 97–111.
[14] A. Girard, Invention nouvelle en l’algèbre, Guillaume Iansson Blaeuw, Amsterdam, 1629.
[15] M. Hajja and P. Walker, The measure of solid angles inn-dimensional euclidean space, Int. J. Math. Educ. Sci. Technol.,

33 (2002), pp. 725–729.
[16] H. Jung, Über die kleinste Kugel, die eine räumliche Figur einschließt., J. Reine Angew. Math., 123 (1901), pp. 241–257.
[17] Z. Kabluchko, Recursive scheme for angles of random simplices, and applications to random polytopes, Discrete Comput.

Geom., 66 (2021), pp. 902–937.
[18] A. Klein and M. Wessler, The largest small n-dimensional polytope with n+ 3 vertices., J. Comb. Theory, Ser. A, 102

(2003), pp. 401–409.
[19] A. Liu and B. Joe, Relationship between tetrahedron shape measures, BIT, 34 (1994), pp. 268–287.
[20] J. R. Munkres, Elementary differential topology. Lectures given at Massachusetts Institute of Technology, Fall, 1961.

Revised ed, vol. 54 of Ann. Math. Stud., Princeton University Press, Princeton, NJ, 1966.
[21] S. Negrepontis and A. Papadopoulos, Notes on Angles and Solid Angles, in Relation with Euler’s Memoir De Mensura

Angulorum Solidorum, Springer Nature Switzerland, Cham, 2026, pp. 85–120.
[22] M. Neumüller and O. Steinbach, Refinement of flexible space-time finite element meshes and discontinuous Galerkin

methods, Comput. Vis. Sci., 14 (2011), pp. 189–205.
[23] M. A. Perles and G. C. Shephard, Angle sums of convex polytopes, Math. Scand., 21 (1967), pp. 199–218.
[24] J. M. Ribando, Measuring solid angles beyond dimension three, Discrete Comput. Geom., 36 (2006), pp. 479–487.
[25] L. Schläfli, Theorie der vielfachen Kontinuität. Herausgegeben von J. H. Graf., 1901.
[26] R. N. Sen, Spherical simplexes in n-dimensions, Proceedings of the Edinburgh Mathematical Society, 2 (1930), p. 6–15.
[27] O. Steinbach, Space-time finite element methods for parabolic problems, Comput. Methods Appl. Math., 15 (2015),

pp. 551–566.
[28] H. Whitney, Geometric integration theory, vol. 21 of Princeton Math. Ser., Princeton University Press, Princeton, NJ,

1957.

TU Dresden, Zellescher Weg 12-14, 01069 Dresden, Germany
Email address: martin_werner.licht@tu-dresden.de

16


	1. Introduction
	Notation

	2. Simplices and shape measures
	3. Solid angles as shape measures
	4. The minimum solid angle
	References

